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PREFACE 


The first edition of this textbook was prepared in 1910. At 
that time numerous teachers of engineering drawing were con- 
vinced that modernizations of the books on descriptive geometry 
written by Professors Warren and Church in 1860 and 1864 were 
required. Specialization of engineering for the various divisions 
of industrialization was sufficiently pronounced to indicate the 
need to modernize the older textbooks on many subjects. Few 
teachers of the time, however, could look forward thirty years and 
appreciate entirely the form and the outline which textbooks in 
mathematics, physics, and chemistry should take. As a conse- 
quence the modernizations of 1910 have required further modifi- 
cation as developments have pointed the way. 

The present revision has been prepared again with the idea of 
adapting the subject to the needs of the engineer of today. The 
author has departed from the consistently abstract method of 
treatment of Professor Church, whose book he was admittedly 
revising in 1910; but has not felt inclined to adopt what appears 
to him to be too high a degree of specialization in some of the 
textbooks of today, which employ so-called direct methods. If 
the phrase ‘‘ direct method”’ means anything, it must be a ‘‘mod- 
ern adaptation to a specific problem,” which is the role of a 
formula or a handbook. Descriptive geometry is taught to all 
engineers in approximately the same fashion. It is a part of the 
curriculum in the engineering colleges throughout the world. 
Few engineering students can possibly know what variety of 
engineering work they will follow. Very few follow the variety 
which they expect to follow. Too high a degree of specialization 
may therefore be more dangerous than useful. For these reasons 
the writer has retained enough of Professor Church’s plan of 
academic presentation for the purpose of the teacher, who must 
employ conventional classroom methods and models, but at the 
same time has dealt with each problem, both in discussions and 


illustrations, in such fashion as to enable the engineer to use the 
Vv 
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book as a reference in the solution of any of the geometrical prob- 
lems of design, no matter what his specialization may be. 

Students of the subject of descriptive geometry are urged to 
accept the subject as one of the most utilitarian of their curricu- 
lum. It is not merely a disciplinary subject as some individuals 
insist. It is the one subject of the approximately forty making 
up an engineering curriculum which enables the engineer to 
solve the multitude of variations of the five geometrical problems 
essential to the design of any engineering project. Unless those 
geometrical problems can be solved by someone, nothing can be 
designed. The subject is therefore not academic in the least, 
although its applications may not be fully appreciated by stu- 
dents. Furthermore, it is not a difficult subject, and students 
should not rate it as such. The percentage of failures in this 
subject in college is actually less than in most mathematical 
subjects. Students may therefore approach the subject as a 
necessity in their curriculum, as highly utilitarian, and not 
difficult. 

The author wishes to acknowledge his indebtedness to the 
members of the staff of the Department of Engineering Drawing 
at the University of Michigan for their fine, thorough, and 
effective assistance in the preparation of this revision. 


Henry W. MILLER 


Particular attention is invited to the twenty-three sheets of 
test exercises given as Part IV of this book. They have been 
designed to supplement the discussions and illustrations of the 
text proper and to give the student an opportunity to test out 
his understanding of theory and to acquire skill in using it. It 
is urged that students and instructors give these test exercises a 
thorough trial. 

H. W. M. 


Ann Arpor, MicuiGgaN 
December, 1940 


CONTENTS 


CHAPTER PAGE 
J. Assreyiations, Norations, CONVENTIONS, DEFINITIONS...........- 5 
ES Sg Ao Gee ie a ee ee 18 

ULL LASSE a) Sven Steere ae ott ee OE a eer re 38 
IV. Smite RELATIONS OF THE Pornt, LINE, AND PLANE................ 44 
VY. HicuHer RELATIONS OF THE Point, LINE, AND PLANE............... 81 
VI. AppuicaTIONS OF REVOLUTION IN MEASUREMENT OF PLANE FicurEs. 96 
a MPN MIANDT SURVACHS .. 5 coc- cane ide ecsn es sve ewcscd es sic wan nals 135 
vit. SERGE ETNIES et eens cic cre ayia creer tie ine oe cs ouenes Sivie  sueis A eisior eke obs 149 
emt MEBECRION OF PURVACHS..64 2.0.5.0 0 2ic)ce c's vielen spaicie.cie anole aches 163 
X. DEVELOPMENT OF CYLINDERS AND CONES.............. cece eeeeeee 192 
PE SHEER PIMA NTE ETADOWS cs ocr oles cic ee ovals ole oo fe es oon into e has vs 202 
OU) RARE Sa: acer Lye, ee re OI SS Ceara 211 
eam BRE CIE REO URES Beate sie ool a (aie es < la vew yates oro ieieve of wiaiahe ieteisvele sei pleus 227 
Leaps mE ele ec och is: oa oa AE io nlos & ie oj 008 ne de w kivislord, oy, ds 251 


vii 


DESCRIPTIVE GEOMETRY 


INTRODUCTION 


A modern engineering drawing comprises a group of related 
plane-geometry drawings and is made for one or more of the 
several purposes of study, design, construction, or maintenance 
of an engineering project. The individual drawings are inade- 
quate because they are but partial descriptions of the object or 
project. The entire group of related drawings, however, consti- 
tutes a complete and entirely adequate description for the pur- 
pose for which the drawings were made. It is to the point to 
emphasize that the individual drawings are plane-geometry 
drawings, that individually they are inadequate, but that col- 
lectively they are entirely adequate to describe the project in- 
volved and to answer the purpose for which they were intended. 

One of the earliest evidences of an appreciation of the advan- 
tages of associating several plane views of the same structure is 
to be found in the book on architecture by Marcus Vitruvius, 
who lived in the time of the Roman Emperor Augustus and was 
appointed by him as superintendent of military engines for the 
Roman armies. Vitruvius was a most painstaking engineer and 
builder, and his voluminous book on architecture deals in great 
detail with practically everything even remotely related to the 
planning and construction of public buildings. There can be no 
doubt that he made and used plan and elevation drawings of 
his buildings, but there is nothing to indicate that he appreciated 
the possibility of solving geometrical problems by the principle 
of associating like-scale plan and elevation drawings in a mathe- 
matical fashion. It is unfortunate that the historians who have 
told us so much about social conditions of the ancient empires 
have chosen to tell us so little about current practices in engi- 
neering. The qualities of the Babylonian, Egyptian, Greek, and 
Roman structures which have endured until now indicate high 
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degrees of engineering talent and well-developed and widely 
recognized principles of design. 

There must have been further developments in the mathe- 
matical principles of modern engineering drawing in the fifteen 
centuries between the times of Vitruvius and of Albrecht Diirer, 
the famous German artist, but there seems to be no record of 
them. In two of Diirer’s books, ‘Geometry and Perspective,” 
published in Nuremberg in 1525, and “Human Proportions and 
How to Draw the Human Figure,” published also in Nuremberg 
in 1528, there is evidence that this writer did appreciate to a 
limited extent the possibilities of associating plan and elevation 
drawings. There appears in the latter publication of Durer a 
three-view, first quadrant drawing of the significant features of 
a human head. 

If the known extent of appreciation of the possibilities of the 
principle of associating several like-scale views of a structure 
seems small for fifteen centuries, it should be remembered that 
there was but little if any need for such a principle. Even in the 
time of Diirer the tempo and the quality of engineering and of 
science were such as to make but little demand upon the inge- 
nuity of human beings. It seems incredible that the zero of 
mathematics was introduced into Europe by way of Italy as 
late as the sixteenth century, after a long and laborious wait of 
some twelve centuries from its inception in India. Perhaps this 
slow development is the indication that mathematics as a whole 
would not be accommodated to the increasing tempo of modern 
demands on engineering until the period of widespread discovery 
and the wholesale occupation of new lands all over the world 
(1400-1800) had increased the demands upon ingenious people 
for labor- and time-saving ideas. 

Whatever the reason for the tardy discovery of the essential 
principle of modern engineering drawing, it probably must be 
accredited to a brilliant young mathematician, Gaspard Monge, 
who was born at Beaune in France in 1746. He was educated 
at the colleges of the Oratorians at Beaune and then at Lyons, 
where at the age of sixteen he was made a teacher of physics. 
It is not improbable that Gaspard Monge had access to a pub- 
lication of one Frangois Frezier, a French infantry officer, who 
published in 1738 a treatise on stereotomy as applied to stone 
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cutting and architecture. In this work the advantages to be 
derived from associating similar scale elevation and plan draw- 
ings of the structure—in particular of a cut stone—were at least 
suggested. For several years prior to his appointment as professor 
of mathematics in the military school at Méziéres in 1768, 
Gaspard Monge was employed there as a draftsman on the 
designing of the then popular type of fortifications with their 
complex outlines both in elevation and plan. While at work on 
some of the computations he discovered and applied his principle 
of geometrical solution for some of the so-called problems of 
defilement. The ordinary mathematical procedures for the solu- 
tion of these problems were very laborious. When Monge pre- 
sented his geometrical solutions in which he associated in precise 
and mathematical fashion several common-scale elevation and 
plan drawings, there was extreme skepticism of the value and 
the utility of so simple a method. As soon as it was appreciated 
that Monge’s method constituted a precise mathematical proce- 
dure, it was made a military secret and Monge was prohibited 
from revealing it to any except the students in that particular 
military school. 

Gaspard Monge became the professor of descriptive geom- 
etry of the Normal School in Paris in 1795, and later of the 
Ecole Polytechnique, which was successor to the Normal School. 
Prior to this he had developed his so-called descriptive geometry 
from the original discovery of the utility of the intersections of 
the vertical and horizontal planes on which the various elevation 
and plan views were made in his first solutions of 1765, through 
the development of the whole system of descriptive geometry 
which he was able to make public in 1795 in his lectures. His 
book on descriptive geometry was first published in 1801. This 
book might be regarded as the first formal treatise on modern 
engineering drawing, in that it not only presented the methods 
to be employed in describing any structure so that all the details 
of its form might be revealed to anyone who would read it, but 
also demonstrated that all the problems related to distances, 
areas, angles, and volumes might be solved graphically. 

As one would expect, there have been both quick apprecia- 
-tion and ever-increasing use of the subject of descriptive geom- 
etry in the past century of world-wide industrialization. One 


& DESCRIPTIVE GEOMETRY 


of Monge’s pupils of the Ecole Polytechnique, by name Claude 
Crozet, was employed in 1816 to be an instructor in descriptive 
geometry at the United States Military Academy at West Point. 
In 1821 Crozet published his treatise on descriptive geometry 
for the use of cadets at the Military Academy. In 1826 Pro- 
fessor Charles Davies, who had succeeded Crozet in the depart- 
ment of mathematics at West Point in 1823, published the first 
extensive work on descriptive geometry in the English language. 
Professor Davies was, in turn, succeeded by Professor Albert 
Church, one of his own pupils, who published his textbook on 
the elements of descriptive geometry in 1865. Meanwhile an- 
other textbook on the subject of descriptive geometry had been 
published by Professor Warren in 1860. Thus three of the first 
four American books on descriptive geometry were prepared at 
our military academy. 

The books of Warren and Church sufficed for the needs 
of engineers in their work for the remainder of the century. 
Whether anything in particular or of value has been contributed 
by later authors since 1900 may be questioned. The fact 
remains, however, that since 1900 the developments in engineer- 
ing and the requirements resulting from the ever-increasing 
tempo of design, manufacture, and operation of everything of 
an engineering nature have been at least such as to make many 
engineering teachers feel that books on mathematics have needed 
some adaptation to current practices in engineering. Whether 
their contentions that such adaptations are needed and are of 
value are correct or not, a score or more textbooks on descriptive 
geometry have appeared since 1900, and in most cases emphasis 
has been placed on the adaptation to modern engineering needs. 
These books, including this one, are but modifications of the 
works of Professors Warren and Church, whose books in turn 
were but modernizations of the original book of Gaspard Monge. 

Without attempting to pass on the merits of any of the 
various modifications presented in present textbooks, it would 
seem well for us to appreciate that present-day engineering 
drawing is but a modernized adaptation of descriptive geometry 
in which are employed all the principles, methods, and devices 
of descriptive geometry as they were discovered and first em- 
ployed by Monge in solving his problems of fortifications. 
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CHAPTER [| 


ABBREVIATIONS, NOTATION, CONVENTIONS, 
DEFINITIONS 


1. It is assumed that any process of learning has as its objec- 
tive the acquisition of some degree of working mastery of the 
subject or skill in question. The total process of learning for 
such a purpose is analyzable into three divisions. The first 
division is comprehension of the subject matter or the manual 
skill that is to be learned. This division involves the use of 
books, observation of demonstrations by others, lectures, pic- 
tures, models, etc. The second division is clarification. Here 
the learner carefully surveys and discusses step by step what he 
has read, heard, seen, or done under guidance, to the end of 
appreciating details, reasons, sequences, and effects. The third 
division is fixation, in which further study, the solution of prob- 
lems, and the careful supervision of one’s own repetitive per- 
formance enable the learner to acquire skill, conserve energy, 
and understand the broader application of principles. 

In all the above processes there will be an inevitable need 
for spoken and written words and for sound and graphical sym- 
bols. Only thus do we convey information in the formal fashion. 
The need for standard identifying sound and graphical symbols 
to convey information is clearly imperative. How many times 
one fails to understand or comprehend for lack of an adequate 
supply of standard sound and graphical symbols. The finest 
possible lecture or written discussion is meaningless unless the 
learner is well acquainted with the set of sound and graphical 
symbols being used. If, in turn, the learner needs to acquire 
skill in any process of conveying information, he is equally handi- 
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capped unless he can employ standard sound and graphical sym- 
bols accurately and without conscious effort. 

2. For the reasons just discussed it is important that each 
student make this chapter a constant handbook of reference; for, 
in the thorough mastery of correct notation and conventions, 
lies much of the victory in descriptive geometry. Carelessness 
in these matters, as well as in methods of study and execution of 
the work, makes a nightmare of indefiniteness and intangibility 
of descriptive geometry, which is a beautifully precise and readily 
understandable subject. 

It is not desired that any student attempt to memorize the 
following symbols and abbreviations, but that he refer con- 
stantly to them for information on the proper lettering of points, 
designation of certain angles, and the character of line to be used 
for each different purpose. In a short time all these will have 
been memorized from constant use, and descriptive geometry 
will have been made a far easier subject for the small amount of 
trouble. 


ABBREVIATIONS 


ae H = horizontal plane of projection. 
V = vertical plane of projection. 
P = profile plane of projection. 
GL = ground line. 
Gili = profile ground line. 


ILLUSTRATIONS 


4. It will be observed that most of the illustrations in this 
edition include arrows and numbers to assist in following the 
progress of the solution. The numbers indicate the order of 
progress and the arrows indicate the direction of progress. While 
neither are necessary and should be disregarded by those who 


do not need them, they are particularly desirable for handbook 
service of the book. 
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STANDARD CONVENTIONAL LINES 


5. Ground lines 
Given lines 
— Auxiliary lines 
Construction lines 
Required lines 
ae ai Projection lines 
(1/16” dash, 1/32” space) 
ee a -| Hidden lines 
(3/16” dash, 1/16” space) 
Traces of given planes 
—— - —— - -—— - — Traces of required planes 
(3/8” dash, 1/16” dot and space) 
Axes of solids 
———__— - —- —___ Axes of revolution 
(1/2” dash, 1/16” double dot and space) 
H—Heavy M—Medium LI—Light 
SYMBOLS 
6. 1 = “perpendicular to.” 


Lf = “parallel to.” 
/ = “inclined to.” 
Z= “angle.” 
= angle between two intersecting lines. 
= angle between two intersecting planes. 
= angle between a line and a plane. 
©. 6 = angle which any line makes with H. 
= angle which any plane makes with H. 
o,¢= angle which any line makes with V. 
= angle which any plane makes with V. 
Il, 7 = angle which any line makes with P. 


= angle which any plane makes with P. 


= AWOSSS 
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NOTATIONS 


is a, a’, a= H, V, and P projections of point A. 
HT, VT, and PT = traces of plane T. 
h, h’, h’’ = H, V, and P projections of the H piercing point of any 
line. 
v,v',v” = H, V, and P projections of the V piercing point of any 
line. 
p, p', p’ = H, V, and P projections of the piercing point of any 
line in either the P plane or any given oblique plane. 


A,,B;, C; = revolved positions of points. 


SYSTEM OF COORDINATES 


8. Three mutually perpendicular planes, a horizontal (H) and 
two vertical (V and P), Fig. 1, serve as the coordinate planes for 


Fia. 1. 


the description of points, lines, and planes. These planes inter- 
sect in the three axes OX, OY, and OZ. The origin O is the 
intersection of the three axes. The H and the V planes make 
with each other four quadrants designated as indicated in Figs 
The position of a point in space, e.g., A or B, Fig. 1, is desig- 

nated by its distances from the coordinate planes as follows: 
x = distance of point to right or left of P, as x is + or —. 


y = distance of point above or below H, as yis + or —. 
z = distance of point before or behind V, as zis + or —. 
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The coordinates are always given in this order, and the dis- 
tances are stated in inches; e.g., the point located by (6,3,-23) 
is 6 inches to the right of the P plane, 3 inches above H, and 24 
inches behind V. 

The positions and directions of the H and V traces of a plane 
are designated by coordinates and angles, as follows: 


x = distance of the point of intersection of the traces with 
GL, to the right or left of the origin, as x is + or —. 


y = angle V trace makes with H, above or below H, as y 
is + or -. 

z = angle H trace makes with V, before or behind V, as z 
is + or -, 


Angles y and z are measured from the portion of GL to the 
right of the intersection of the traces. 

When a plane is parallel to GL, distance x becomes infinite 
(9%) and angles y and z become 0 degrees. In this case, 


y = distance of V trace above or below H, as y is + or —. 
z = distance of H trace before or behind V, as zis + or —. 


LETTERING ON EXERCISES 


9. It is important that the projections of all points, lines, 
and the traces of planes shall be not only lettered, but also let- 
tered carefully. The following alphabets are recommended: 


abcdefghijkimnopagrstu 
12345 vwxyyZz 07890 


Pee TREO IS KLM N 
CO a RO VV AL 


abcdef ghijkl mnopqrstu 
fees VWwxyz 61/6890 
ABCBDEFGHIJKEMN 
OPORSEUVWXYZE 
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PLANE AND SOLID GEOMETRY “REMINDERS” 


10. A. Projections 

(1) The projection of a point upon a plane is the foot of the 
perpendicular from the point to the plane, Fig. 2. 

(2) The projection of a line upon a plane is the locus of the 
projections of all points of the line upon the plane. 

(3) The projection upon a plane of a straight line not perpen- 
dicular to the plane is a straight line, Fig. 3. 

(4) The projection upon a plane of a straight line perpen- 
dicular to the plane is a point, Fig. 3. 

(5) The projection upon a plane of a segment of a straight 
line parallel to the plane is a segment of a straight line parallel 
and equal in length to the given segment, Fig. 3. 


4 
le 
Fia. 23 
B. Plane 


(1) A surface such that a straight line joining any two of its 
points lies wholly in the surface is called a plane. 

(2) If two points of a straight line lie in a plane, the whole 
line lies in that plane. 


C. Coplanar Points and Lines 

(1) Points and lines lying in the same plane are said to be 
coplanar. 

(2) Lines lying in the same plane must be either parallel or 
intersecting. 


D. Parallel Lines 

(1) Lines that lie in the same plane and cannot meet how- 
ever far produced are called parallel lines. 

(2) Through a given external point, one, and only one, line 
can be drawn parallel to a given line. 
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(3) Two lines in the same plane are parallel if both are per- 
pendicular to a third line in the same plane. 

(4) Two lines parallel to the same line are parallel to each 
other. 

(5) Two lines perpendicular to the same plane are parallel 
to each other. 


E. Intersecting Lines 

(1) If two lines lie in the same plane and are not parallel, 
they must intersect. 

(2) Two straight lines can intersect in only one point. 


F. Perpendicular Lines, Fig. 4 

(1) If two straight lines intersect at right angles, they are 
said to be perpendicular. 

(2) Through any given point on a straight line an infinite 


number of lines can be drawn perpendicular , 


to the given line. oon 
(3) All the perpendiculars that can be [ —-t—/ 

drawn to a given line at a given point on the ” 2 

line lie in a plane which is perpendicular to ho. 4. 


the given line at the given point. 

(4) From a given external point there can be drawn one, and 
only one, line perpendicular to a given line. 

(5) One, and only one, straight line can be drawn perpen- 
dicular to both of two non-parallel non-intersecting lines. 


G. Intersection of Planes 

(1) The intersection of any two surfaces is the locus of all 
points common to the two surfaces. 

(2) If two planes intersect, their intersection is a straight 
line, Fig. 5. 


ye ee 6 ” wv A 
ae ee 
: tee he 
s z 
R 
Fra. 5. Fia. 6 


(3) If three planes, not passing through the same line, inter- 
sect each other, their three lines of intersection are concurrent, 
or else they are parallel, each to each, Fig. 6. 
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(4) If a plane intersects two parallel planes, the lines of 
intersection are parallel, Fig. 7. 


Fia. 8. 


H. Parallel—Line and Plane, Fig. 8 


(1) If two straight lines are parallel, a plane containing one 
of the lines, and only one, is parallel to the other. 

(2) A line is parallel to a plane if it is parallel to any line in 
that plane. 

(3) If a straight line is parallel to a plane, the intersection 
of the plane with any plane passing through the given line is 
parallel to the given line. 

(4) If through any point in a given plane a line is constructed 
parallel to a line which is parallel to the given plane, the line so 
constructed will lie in the given plane. 

(5) If a line lying in one of two intersecting planes is parallel 
to the other plane, it is parallel to the line of intersection of the 
two given planes. 

(6) If a line is parallel to a given plane, all points of the line 
are equally distant from the plane. 

(7) Ifa line is parallel to a given plane, it will never intersect 
the plane however far produced. 

(8) If a line is parallel to a plane, it is parallel and equal to 
its projection on that plane. 

(9) Through any given external point an infinite number of 
straight lines can be drawn parallel to any given plane. 

(10) Through any given external point one, and only one, 
line can be drawn parallel to both of two intersecting planes; it 
will be parallel to their line of intersection. 


I. Parallel Planes, Fig. 9 


(1) Two planes are said to be parallel if they cannot inter- 
sect however far produced. 
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(2) All the straight lines that can be drawn through a given 
external point parallel to a given plane lie in a plane containing 
the given point and parallel to the given plane. 

(3) If two intersecting lines are each parallel to a given plane, 
the plane of these lines is parallel to the given plane. 

(4) If two planes are parallel, each line in one plane is 
parallel to the other plane. 

(5) If two planes are parallel, all points in one plane are 
equally distant from the other plane. 

(6) If two planes are both perpendicular to the same straight 
line, they are parallel to each other. 


Fia. 9. Fia. 10. 


J. Perpendicular—Line and Plane, Fig. 10 


(1) Through any given point one, and only one, line can be 
drawn perpendicular to a given plane. 

(2) If a line is perpendicular to a plane, it is perpendicular 
to every line in the plane and passing through the foot of the 
perpendicular. 

(3) If a line is perpendicular to each of two intersecting lines 
at their point of intersection, it is perpendicular to the plane of 
those lines. 

(4) If one of two parallel lines is perpendicular to a plane, 
the other also is perpendicular to the plane. 

(5) If each of two intersecting planes is perpendicular to a 
third plane, their line of intersection is perpendicular to the third 
plane. 

(6) A plane is perpendicular to a straight line if the line is 
perpendicular to the plane. 

(7) If a plane is perpendicular to a line, then any plane par- 
allel to that plane is perpendicular to the given line. 
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K. Perpendicular Planes, Fig. 10. 

(1) If a straight line is perpendicular to a plane, every plane 
containing this line is perpendicular to the given plane. 

(2) If two planes are perpendicular to each other, any line 
in one of them, perpendicular to their intersection, is perpendicu- 
lar to the other. 

(3) If a plane is perpendicular to a line lying in another 
plane, the two planes are perpendicular. 


L. Determining a Plane 


(1) A plane is determined by certain lines or points if it con- 
tains the given lines or points, and no other plane can contain 
them. 


(2) One plane, and only one, can be passed through two 
given intersecting straight lines. 
(a) A straight line and a point not in the line determine a 
plane. 
(b) Three points not in a straight line determine a plane. 
(c) Two parallel lines determine a plane. 


(3) A plane is said to be determined by given conditions if 

that plane and no other plane fulfils those conditions. 

(a) Through any given external point an infinite number of 
planes can be passed parallel to any given straight line. 

(b) Through any given external point one, and only one, 
plane can be passed parallel to any two given (non- 
parallel) straight lines. 

(c) Through any given straight line one, and only one, plane 
can be passed parallel to any other (non-parallel) straight 
line. 

(d) Through any given external point one, and only one, 
plane can be passed parallel to any given plane. 

(e) No plane can be passed through a given straight line and 
parallel to a given plane (unless the given line be parallel 
to the given plane). 

(f) Through any given point one, and only one, plane can be 
passed perpendicular to any given straight line. 

(g) No plane can be passed through a given straight line and 
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perpendicular to any other straight line (unless the two 
given lines be rectangular). 

(h) Through any given point an infinite number of planes 
can be passed perpendicular to any given plane. 

(¢) Through any given point one, and only one, plane can 
be passed perpendicular to any two given (non-parallel) 
planes; it will be perpendicular to their line of intersec- 
tion. 

(j) Through any given straight line one, and only one, plane 
can be passed perpendicular to any given plane (unless 
the line be perpendicular to the given plane). 

(k) Through any given external point one, and only one, 
plane can be passed parallel to any given straight line 
and perpendicular to any given plane (unless the given 
line be perpendicular to the given plane). 


M. Intersections: Planes—Line and Plane 


(1) The straight line of intersection of two planes is the locus 
of all points common to the two planes. 

(2) Being a straight line, the intersection of two planes can 
be determined either by two of its points or by one point and 
its direction. 

(3) If any line of one plane intersects a line of another plane, 
the intersection of these lines is a point common to the two 
planes; hence it is on their line of intersection. 

(4) If two intersecting planes are cut by a third plane, the 
lines cut from the given planes will intersect in a point on their 
line of intersection, Fig. 6; or— 

(5) If two intersecting planes are cut in parallel lines by a 
third plane, the line of intersection of the two given planes will 
be parallel to the lines cut from them by the third plane, Fig. 6. 

(6) If each of two intersecting planes is perpendicular to a 
- third plane, their line of intersection may be determined by one 
point and its known direction: perpendicular to the third 
plane. 

(7) If each of two intersecting planes is parallel to a given 
line, their line of intersection may be determined by one point 
and its known direction: parallel to the given line. 
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(8) If any line of one plane pierces another plane, the pierc- 
ing point is common to the two planes; hence it is on their line 
of intersection. 


N. Revolution of a Plane 


(1) A plane may revolve about any line in it as an axis, and, 
as it does so revolve, it can contain any particular point in space 
in one, and only one, position. 

(2) If one of two intersecting planes is revolved about their 
line of intersection as an axis, in one and only one position will 
it coincide with the other plane. 


O. Angle—Line and Plane 


(1) The angle that a line makes with its projection on a 
plane is considered to be the angle that it makes with the plane, 
and is called the inclination of the line to the plane. 

(2) The acute angle that a straight line makes with its own 
projection upon a plane is the least angle that it makes with any 
line of the plane. 


P. Dihedral Angle, Fig. 11 


(1) The opening between two intersecting planes is called a 
dihedral angle. The planes forming a dihedral angle are called 
its faces, and their intersection is called the edge of the angle. 

(2) The size of a dihedral angle is a measure of the amount 

8 o of rotation necessary to bring one of the plane 
faces into coincidence with the other. 

(3) The plane angle formed by two straight 
lines, one in each~ plane, perpendicular to 
their intersection at the same point, is called 
the “plane angle of the dihedral angle.” 

(4) The plane angle of a dihedral angle 
has the same magnitude from whatever point 
in the edge the perpendiculars are drawn. 

(5) The angle between two planes is the angle measured 
between the two lines cut from those planes by a third plane 
passed perpendicular to their line of intersection at any point 
on the intersection. 


y) 
Fia. 11. 
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CHAPTER II 
THE POINT AND LINE 


12. Descriptive geometry is that division of geometry which 
enables the engineer: 


1. To so describe by drawings any object or project involving 
form that the description will reveal all the essential en- 
gineering facts. 

2. To determine from the above description any and all 
desired facts as to distances, angles, intersections, areas, 
and volumes. 

3. To make from the above description any constructions 
required to introduce given distances, angles, intersec- 
tions, areas, or volumes. 


The purposes of descriptive gecmetry are accomplished 
through the employment of four principles: 


A. The Principle of Orthogonal Projection. 
B. The Principle of Perpendicularity. 

C. The Principle of Intersection. 

D. The Principle of Revolution. 


PRINCIPLE “A” 


ORTHOGONAL PROJECTION 


13. The engineering problems of geometry are related to 
three-dimensional projects or objects. They can be solved 
graphically, however, only through the medium of plane or two- 
dimensional geometry on the drawing board. Sucha principle of 
description must therefore be employed as will reduce the three- 
dimensional problems to a two-dimensional status. It'is obvious 
then that the process of description must produce a group of 

18 
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related plane-geometry drawings, in each of which but two 
dimensions are represented; but all dimensions are represented 
in the entire group. 

The required individual plane-geometry descriptions are 
called “projections” and are made upon a set of conventional 
intersecting planes, usually three, a horizontal and two vertical, 
at right angles to each other, Fig. 1. The projections are made 
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upon these planes by means of lines through all significant points 
of any structure and perpendicular to the respective planes of 
description. This principle of description is the principle of 
right angle or orthogonal projection. When made according to 
this principle the descriptions will support any and all desired 
precise calculations of values and determination of intersections 


and shapes. 
COORDINATE PLANES OR PLANES OF PROJECTION 


14. The three conventional planes mentioned in the pre- 
ceding article are named the planes of projection, and they are: 
two vertical planes, which are perpendicular to each other, and a 
horizontal plane, Fig. 1. These same planes are usually used as 
coordinate planes in stating the location of a point in space. 

For convenience, we speak of one of the vertical planes as the 
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V plane, the other as the profile or P plane. The horizontal plane 
is called the H plane. These three planes are shown in their 
relative positions in Fig. 1. 


GROUND LINE 


15. The line of intersection of the H and V planes is known 
as’ the ground line and for convenience is referred to as GL. 
The intersection of the P plane with the V plane is known as the 
profile ground line and is referred to as Gi. 

The H and V planes form four dihedral angles-or quadrants, 
which are named the first, second, third, and fourth in the order 
shown in Fig. 1. 


PRO JECTIONS—VIEWS 


16. The representations or descriptions of points, lines, and 
objects on the planes of projection are named projections, views, 
or plan and elevations as indicated in Fig. 1. Such representa- 
tions are made according to the precise mathematical principles 
of orthogonal projection. 


PROJECTING LINES 


17. The H projection of a point, for example, A, Fig. 2, zs 
the point in which the orthogonal line of sight through A (a vertical 
line) pierces the H plane. The line of sight is named a projecting 
line. ‘This line, as all lines, is indefinite in extent, but there is no 
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good reason for describing any but the portion of it between the 
point and the plane. The projecting lines of a point may then 
be defined as the lines passed through the point perpendicular to 
the planes of projection. Aa, Aa’, and Aa”, Fig. 2, are pro- 
jecting lines. 
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PROJECTIONS OF A POINT 


18. In summary of the preceding several articles, the 
H projection of a point, A, is the H piercing point of a perpendicu- 
lar through A to the H plane; the V projection is the V piercing 
point of a perpendicular through A to the V plane; and the P 
projection is the P piercing point of a perpendicular through A to 
the P plane. These projections are designated, as in Fig. 2: the 
H projection a, V projection a’, and P projection a’. The 
projections of all points are designated or lettered in a similar 
manner. 


POINT DETERMINED BY ANY TWO OF ITS PROJECTIONS 


19. If through the H projection, a, of a point, A, Fig. 2, a 
perpendicular is erected to the H plane, it will contain the 
point A. A perpendicular to the V plane through the V projec- 
tion, a’, will also contain point A. The point is hence deter- 
mined, being the intersection of these two perpendiculars. 

In similar fashion perpendiculars to P through a”’ and to V 
through a’ or to H through a determine the point A in space. 


LOCATION OF POINTS 


20. If through the projecting lines Aa’ and Aa, Fig. 2, a 
plane is passed, it will be perpendicular to both H and V and 
intersect H and V in lines perpendicular to GL. These lines 
with Aa’ and Aa form a rectangle in which the distance from a’ 
to GL equals Aa and the distance from a to GL equals Aa’. 
From the above we deduce that: 


(a) The distance from a point to the H plane is shown by 
the distance from its V projection to GL. 

(b) The distance from a point to the V plane is shown by 
the distance from its H projection to GL. 

(c) If a point lies in V, its H projection is in GL; it cannot 
be in GL otherwise. Conversely, if the H projection of a 
point lies in GL, the point lies in V. 

(d) If a point lies in H, its V projection is in GL; it cannot 
be in GL otherwise. Conversely, if the V projection of 
a point lies in GL, the point lies in H. 
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ALPHABET OF A POINT 


21. A point may be placed in nine different positions with 
respect to the planes of projection; these nine positions consti- 
tute what is known as the alphabet of a point, Fig. 3. 


Fia. 3. 
1. In the first quadrant. 6. In the H plane behind V. 
2. In the second quadrant. 7. Inthe V plane above H. 
3. In the third quadrant. 8. In the V plane below H. 
4, In the fourth quadrant. 9. In both A and V. 
5. In the H plane before V. 


REVOLUTION OF THE COORDINATE PLANES 


22. The question as to how the projections on the three 
planes may be represented on a plane drawing must now be 
considered. This is accomplished through the revolution of the 
H and P planes about their respective ground lines into coinci- 
dence with V. With GZ, the line of intersection of H and V, 


Fig. 4, as an axis, the part of H in front of V is revolved down- 
ward, the part behind wpward, of course, until H coincides with 
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V. With G,Z, as an axis, the portion of P in front of V is 
revolved to the right (or left), depending upon whether the 
object described is in the first or third quadrant and also upon 
whether the profile plane is to the right or left of the object. 
The portion behind is revolved to the left (or right), until P 
coincides with V. The three planes now coincide. 

In the revolution just explained, the V projections of points 
are not affected; i.e., the V projections of points in the first 
and second quadrants are above GL, and those of points in the 
third and fourth quadrants are below GL, regardless of any revo- 
lution of planes; the H projections of all points in front of V, 
however, either in the first or fourth quadrants, being in the 
portion of H which was revolved downward, now come below GL; 
see Fig. 5. The H projections of all points behind V, in either 
the second or third quadrants, are found above GL since that 
part of H was revolved upward. 

As the H plane is revolved about GZ, as an axis, the H 
projection of a point moves in a plane which is perpendicular 
to GL; after the revolution the H projection is therefore found 
on the perpendicular to GL, through the V projection of the 
point. The H and V projections of a point are always on the same 
perpendicular to GL. 

After the revolution of the P plane into coincidence with V, 
the P projection will lie on a horizontal line through the V projec- 
tion and as far to the right or left of G, LZ, as the point is in front 
of or behind V. 

The orthogonal projections of the nine positions which con- 
stitute the alphabet of a point are shown in Fig. 5. (Compare 
with Fig. 3.) 

See Test Exercise 1, page 228. 


LINES 


23. Since a straight line is generated by a point moving 
in some fixed direction, the H projection of a straight line is made 
up of the H projections of the successive positions of the generating 
point. The H projecting lines of all these points, being perpen- 
dicular to H, constitute a plane which is perpendicular to H; 
the line of intersection of this plane with H is the H projection of 
the given line. The H projection of a line may thus be considered 
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In Hano V 
Fia. 5. 
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the line of intersection with H of a plane passing through the given 
line and perpendicular to H. This auxiliary plane is named the 
H projecting plane of the line. The fact that this projecting 
plane is perpendicular to H makes it a vertical plane, and the H 
projection of its intersection with H (the H projection of the 
line) is the same regardless of the level at which the H plane 
may be located. The V and P projections of a straight line are 
the lines of intersection with V and P of projecting planes 
through the line and perpendicular respectively to the V and P 
coordinate planes. 

Since the H projection of a straight line is a straight line, 
the projection may be determined by passing perpendiculars 
to H through any two points of the line; the line joining the H 
piercing points of these perpendiculars, Fig. 6, is the required H 
projection. The V and P projections may be determined in a 
similar manner. 

Hereafter in this book it may be assumed that the word 
“‘line’’ implies a straight (or right) line unless otherwise desig- 
nated. Since any two points determine a straight line, a line is 
usually designated by its two extremities if it has a fixed length. 
Otherwise any two points of the line may be chosen at random 
for the purpose of locating the entire line in any other view. 
In general, the line is read from left to right. Lines in a profile 
plane are read from front to rear, and, if vertical, are read 
downward. 


LOCATION OF A LINE 


24. If two projections of a line are given, the line is in general 
completely determined. For, if through the projections of any 
point of a line, e.g., b and b’, Fig. 6, 
perpendiculars to the planes of projec- 
tion are erected, these perpendiculars 
will intersect in the corresponding point, 
i.e., B, of the straight line. The point A 
is similarly determined from a and a’, 
The straight line joining these two 
points, A and B, is the required line, Fic. 6. 

Fig. 6. Or again, if through the H pro- 
jection a plane is passed perpendicular to H, and through the 
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V projection a plane perpendicular to V, the line will lie in both 
these planes; hence, is their line of intersection. 


ALPHABET OF A LINE 


25. In determining the different positions in which a line 
may be placed with respect to the planes of projection, the 
quadrants are not considered and the lines are understood to be 
indefinite in extent. The several positions constituting the 
alphabet are the characteristic directional positions in which the 
line may be placed. These positions are shown pictorially 
and in orthogonal projection in Figs. 7(a) and 7(6). 

These positions of the line and corresponding projections 
are as follows: 


V projection a line perpendicular 
to GL. 
H projection a point. 


1. Perpendicular to H 


V projection a point. 
H projection a line perpendicular 
to GL. 


2. Perpendicular to V 


3. Parallel to P and 
inclined to H and 


Both projections perpendicular to 
V GL. 


4, Parallel to H and ie projection parallel to GL. 
inclined to V H projection inclined to GL. 


5. Parallel to V and |V projection inclined to GL. 
inclined to H lH projection parallel to GL. 


6. Parallel to both H sents 
mee Oupot [Both projections parallel to GL. 


7. Inclined to H jections incli 
ies ss oe Ol, [Both projections inclined to GL. 


_ No mention is made here of the profile relations, but they may be 
easily understood from the figures. 
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Oe eee 
Z 
PQ-INCLINED 70 HVE 2 
Fia. 7(0). 


PROFILE PROJECTIONS OF POINTS AND LINES 


26. When dealing with the profile projections of points and 
lines, the profile plane is considered as revolved about GL; 
until it coincides with V. In this view Gl, represents the 
intersection of P and V, and GL represents the intersection of 
P and H; or, for convenience, G,L,; may be considered the 
V plane, and GL, the H plane, viewed edgewise. 

The P projection of a point A is obtained by passing a 
projecting line through A perpendicular to P; the piercing 
point of this perpendicular in P, Fig. 2 [Article 18], is the P 
projection of A. This projecting line pierces P at a distance 
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above H equal to Aa, which in turn equals the distance from a’ 
to GL. Likewise, it pierces P at a distance before V equal to 
Aa’ which is equal to the distance from the H projection, a, to 
GL. Then, after revolving the profile plane about G,LZ, into 
V, Fig. 5, a’ is found above GL a distance equal to the distance 
from a’ to GL, or on a line parallel to GL through a’; likewise, 
since A is in the first quadrant, a’ will be to the right of GL, a 
distance equal to the distance that the H projection, a, is 
below GL. The construction for finding the profile projections 
of points in the various quadrants, from their H and V projec- 
tions, is shown in Fig. 5. In each case the portion of the P plane 
in front of V has been revolved to the right, and the portion 
behind V to the left of G,L. 

The profile projection of a line joining two points is the line 
joining the profile projections of those two points. 

See Test Exercises 2 and 3, pages 229 and 230. 

27. Problem 1. To determine the projections of a line which 
passes through or contains a given point. 


Analysis : 

The projections of a line are made up of the projections of 
all points of the line. 

The projections of a point which lies on a line must therefore 
be found on the corresponding projections of the line. 


Solution: 

Two projections drawn from or through the respective projections 
of the given point to any other given or assumed point describe the 
required line. 


Construction : 

Given: Point A, Fig. 8. 

Required: Any line through point 
A. 

Point B is assumed in any quad- 
rant, e.g., the fourth, and at any 
distances from H and V (1,3). The 
corresponding projections of A and B 
are then connected (4,5). The pro- 
jections a’b’ and ab describe a line, 
AB, which passes through point A 
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since A is a point of the line. An alternative procedure is to 
draw the required projections through a’ and a and in any 
directions such that the projections of a point, B, may be 
assumed on them. 

28. Problem 2. To determine the projections of a specified 


line. 


Analysis : 

A line is defined by any two points on it. 

The lines joining the respective projections of two points 
constitute the projections of the line through those two points. 

All the qualities of a line are either directly defined by or can 
be determined from its projections. These include length, and 
relative locations and directions. 


Solution: 

If the projections of two points, A and B, are assumed such that the 
lines joining their respective projections describe a line of the required 
qualities, the line AB then constitutes the required line. 


Construction : 

Required: To determine a line parallel to H, oblique to V, 
extending from a point, A, in the first quadrant 1 inch above H 
to a point, B, in the second quadrant, Fig. 9. 


Fria. 9. 


The y projection of a point in the first quadrant 1 inch 
above H is 1 inch above GL; a’ is hence assumed 1 inch above 
GL and a vertically below it and at any distance below GL isa 
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The V projection of the line is horizontal and both projections 
of B are above GL since B is in the second quadrant (4,6). 

29. Problem 3. To determine the projections of any par- 
ticular point on a line. 


Analysis: 

If a point lies on a given line in space, its projections lie on 
the corresponding projections of the line and are vertically above 
and below each other [Article 22]. 

The location of a point with reference to the coordinate 
planes is indicated by the locations of its projections with 
reference to the ground lines. 


Construction: 

Given: Line AB, Fig. 9. 

Required: A point C on AB and 3 inch in front of V. 

The H projection of point C lies on the H projection of AB 
and is 4 inch below GL (8). The V projection is on a’b’ and 
vertically above c (9,10). 

30. Problem 4. To find the H, V, and P piercing points of a 
given line. 


Analysis : 

(This problem assumes that H, V, and P are definitely located 
by GL and G,l,. The beginner in descriptive geometry is 
advised to designate the H, V, and P piercing points of all lines 
as points H, V, and P.) 

The H, V, and P piercing points of a line are the points 
which are respectively common to the line and to the H, V, and 
P planes. 

The V projections of all points in H lie on GL; and the V 
projections of all points of a given line lie on the V projection 
of the line. The V projection of the point common to a given 
line and Z is therefore the intersection of the V projection of 
the line with GL. 


Solution: 

The intersection of the H and V projections of a given line with GL 
are respectively the H projection of the V piercing point and the V 
projection of the H piercing point. 
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The intersections of vertical lines through these points with the 
other projections of the line are the other projections of the desired 
piercing points. 


Construction (a): 

Given: Line AB, Fig. 10. 

Required: H and V piercing points of AB. 

The intersection of a’b’, extended, and GL gives h’, the V 
projection of the H piercing point (1). A perpendicular to 
GL at h’ intersects ab in h, the H projection of the H piercing 


point (2,3). ab, extended, intersects GD at v, the H projection 
of the V piercing point (4); the intersection of a perpendicular 
to GL at v with a’b’ locates v’, the V projection of the V piercing 
point (6,6). 


Construction (6): 

Required: The P piercing point of line AB, Fig. 11. 

The V projection p’, of the P piercing point, is common to 
the V projection of the line and G,L; (1). The H projection p 
is common to the H projection of the line and G,LZ, (2). The P 
projection of the P piercing point is p’’ (3,5). 


Construction (c): 
Required: The H and V piercing points of line AB, Fig. 12. 
The H and V piercing points of lines whose projections are 
perpendicular to GL may be determined by referring the line to 
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the profile plane. The intersections of the profile projection 
with GL and GL, are the profile projections of the H and V 
piercing points. 

The profile projection of AB is a’’b’’ (1,6). a’’b’’, extended, 
intersects G,L, in v’’, from which the required projections v’ and 
v are then obtained (7,11). a’’b’’, extended, intersects GL in 
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h’’, from which are obtained the required projections h’ and h 
(12,18). 

See Test Exercises 4 and 5, pages 231 and 232. 

31. Problem 5. To assume a line intersecting a given line. 


Analysis: 

Two lines are said to intersect if they have one point in 
common. 

The projections of the common point must lie on the corre- 
sponding projections of both lines, hence at their intersection. 

Two lines described by projections are known to intersect if 
the respective projections intersect in points vertically above 
and below each other (H and V) or on the same horizontal line 


(V and P). 


34 DESCRIPTIVE GEOMETRY 


Solution: 

If a point, O, is assumed on a given line and the projections of a 
second line, CD, are drawn through the corresponding projections of 
the assumed point, the two lines so described intersect. 


Construction : 

Given: Line AB, Fig. 13. 

Required: A line, CD, intersecting AB at O. 

Point O is assumed on line AB (1,2). The vertical projection 
c’d’ is then drawn through o’ in any direction (3). The H 


Hres 13: 


projection of C is chosen wherever desired on the vertical line 
through c’ (4). Frome the H projection of CD is drawn through 
o (5) and the H projection of D located by its intersection with 
the vertical line from d’ (6). AB and CD are intersecting lines 
because they have point O in common. 

See Test Exercises 6 and 7, pages 233 and 234. 


PARALLEL LINES 


32. If two lines lie in the same plane and do not meet how- 
ever far extended, they are said to be parallel. If two lines are 
parallel, their projections on any plane are parallel. Lines 
AB and CD, Figs. 14 (a-b), are given parallel. The H projecting 
planes through these two parallel lines are parallel since the one 
contains two intersecting lines, AB and Bb, parallel respectively 
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to the two intersecting lines CD and Dd of the other. If these 
two parallel planes are intersected by a third plane (the H 
plane), the lines of intersection, ab and cd, are parallel. By 
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similar proof the V projections a’b’ and c’d’ and the profile pro- 
jections a’’b’’ and c’’d”’ are respectively parallel. 
See Test Exercises 8 and 9, pages 235 and 236. 


PERPENDICULAR LINES 


33. If two lines intersect and make an angle of 90 degrees 
with each other, they are said to be perpendicular. 

If two intersecting lines are parallel to a coordinate plane, 
e.g., H, Fig. 15(a), the angle which their H projections make 
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with each other is the same as the angle between the lines them- 
selves. If two perpendicular lines are both parallel to the same 
coordinate plane, the projections on that plane will therefore be 
perpendicular to each other. These two facts (a) that the two 
lines are parallel to H and (b) that the H projections are perpendicu- 
lar to each other, constitute proof that the lines themselves are per- 
pendicular to each other. 

If one of two perpendicular lines is parallel to a coordinate 
plane, e.g., H, Fig. 16(b), the H projections of the lines will be 
perpendicular to each other. This is because all lines perpendicu- 
lar to a given horizontal line and passing through a given point 
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of it define a vertical plane perpendicular to the line. The H 
projections of all lines in this plane coincide in the intersection 
of the plane with H, which intersection is perpendicular to the 
H projection of the given line. The facts (a) that one line is 
parallel to a coordinate plane and (b) that the projections on that 
plane are perpendicular to each other constitute proof that the lines 
themselves are perpendicular to each other. 

Through any point, B, on a given line, AF, Fig. 16(a), an 
infinite number of perpendiculars to AB can be passed. They 
lie in a plane through B perpendicular to AF. One of these 
lines, BC, will be horizontal (1,2), Fig. 16(6). Another, BD, 
will be parallel to V (3,4), and a third, BE, will be parallel to 
P (8,7). The projections of these three lines can always be 
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drawn, e.g., BC with its V projection b’c’ horizontal and its H 
projection bc perpendicular to the H projection of AB. Any two 
of these three perpendiculars (1,2), (3,4), or (6,7) will determine 
the plane through B perpendicular to AB and any other line in 
this plane and through point B will be perpendicular to AB. 
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Through any external point only one perpendicular can be 
drawn to a given line. The angle of 90 degrees which these 
lines make with each other will not show on the coordinate 
planes, however, unless one of them is parallel to a coordinate 
plane; so the construction of such a line must await the develop- 
ment of the process of passing a plane through a point perpendic- 
ular to a line and finding the point in which the line pierces that 
plane. 

See Test Exercises 10 and 11, pages 237 and 238. 


CuaPprTerR III 
PLANES 
DEFINED AND DESCRIBED 


34. A plane is defined by any two lines in it, and is completely 
described by the projections of these lines on the coordinate planes. 
All lines lying in a given plane are called coplanar lines. The 
significant qualities of such lines are that they either intersect or 
are parallel. Since every plane must intersect at least two of 
the coordinate planes, these intersections may serve as the any 
two lines, and their use, for a time at least, serves to simplify 
some discussions of the simple relations of points, lines, and 
planes and later processes of determination of values. For these 
reasons, therefore, we shall give such lines of intersection of 
planes with the coordinate planes identifying sound and graphi- 
cal symbols. The sound symbol or name for the intersections 
with H, V, and P is traces, and the graphical symbol is a dash 
and dot or long and short dash line. Hach individual plane 
must also have a name, a single letter, as R, or the letters rep- 
resenting three points, as ABC. If the plane is described by 
its traces, they may be designated as in Figs. 1 and 2, HR, VR, 
and PR. 


THE H AND V TRACES OF A PLANE INTERSECT ON GL 


35. If a plane such as R, Fig. 1, is oblique to GL, it will 
intersect GL; this point of intersection is common to V and R, 
hence lies on their line of intersection, VR; it is also common 
to H and R, hence lies on their line of intersection, HR. The 
point in which FR intersects GL has thus been proved common 
to Vk, HR, and GL; that is, the H and V traces of plane R 
which is oblique to GZ must intersect on GL. These traces 
appear as shown on Fig. 2 when the coordinate planes have been 
revolved. 

38 
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LOCATION OF A PLANE 


36. A plane is definitely determined both as to direction and 
location by any two lines in it; that is, by any two traces or by 
any other two lines; for through two intersecting or parallel lines 
one and only one plane can be passed. 


THE PROFILE TRACE 


37. The profile trace of a plane is its line of intersection with 
P. Since this trace cannot be parallel to the V trace unless 
the plane is perpendicular to H, nor to the H trace unless the 
plane is perpendicular to V, it must intersect them and of course 
in the points in which those traces pierce P, Fig. 1. Since the 
profile plane is revolved into coincidence with V about its inter- 
section G,l,, with V, the intersection of the P and V traces on 
G,L,, Fig. 2, remains fixed. Since H and P are revolved into 
coincidence with V about different lines in V, the P projection of 
the P piercing point of the H trace, Figs. 1 and 2, is revolved 
into coincidence with GL, while the H projection of this same 
piercing point is revolved into coincidence with G, 1}. 


ALPHABET OF A PLANE 


38. The seven different characteristic directions in which 
planes may be conceived according to their relation to the planes 
of projection are named the alphabet of a plane. These posi- 
tions are shown both in perspective and in orthogonal projec- 
tion in Fig. 3. Their relations to the planes of projection, 
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together with the characteristic directions of their traces, are as 
follows: 


m WW De 


. Parallel to H—V trace parallel to GL, H trace at infinity. 
. Parallel to P—Both traces perpendicular to GL. 

. Parallel to V—H trace parallel to GL, V trace at infinity. 
. Perpendicular to H V trace perpendicular to GL. 


and inclined to V |A trace inclined to GL. 


. Perpendicular to a V trace inclined to GL. 


and inclined to H|H trace perpendicular to GL. 
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6. Parallel to GL and inclined to H and V—Both traces par- 
allel to GL. 
7. Inclined to H, V, and GL—Both traces inclined to GL. 


The utility of the traces as indicating readily the directional 
relation of planes so defined with the coordinate planes is easily 
appreciated. This was mentioned as one of the reasons for the 
use of these particular lines to define planes while we are dealing 
with the simpler relations of points, lines, and planes. 

See Test Exercise 12, page 239. 


EXTENT OF PLANES 


39. The planes shown in Fig. 3 are not limited to any quad- 
rant but pass through two, three, or four quadrants, according 
to their position in any particular problem. Though the con- 
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struction of a problem may deal with only that portion of a 
plane which lies in one quadrant, it must be understood that 
the plane is unlimited in extent. The traces therefore are not 
limited by GL. Figure 4(a) shows four ways of representing the 
same plane by its traces. 

Since planes are defined by any pair of intersecting or par- 
allel lines, it is to be expected that they will be defined by such 
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a polygon as ABCD, Fig. 4(b). But since, to repeat, planes are 
unlimited in extent, no matter how defined or described, exten- 
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sions of all the sides of the polygon and all lines connecting 
points on these sides lie in the plane of the polygon. 


CHAPTER IV 


SIMPLE RELATIONS OF THE POINT, LINE, 
AND PLANE 


TO ASSUME A PLANE 


40. A plane whose position and direction are not specified 
may be assumed by describing any two intersecting or parallel 
lines. If desired or convenient, the two intersecting ines may 
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be the intersections of the plane with the coordinate planes, that 
is, traces, which must either intersect on GL or be parallel to it, 
Bids 

See Test Exercise 13, page 240. 

41. Problem 6. To assume a line in a given plane. 


Analysis: 
A plane is defined by any two lines in it. 
A line lies in a plane if it has two points in common with it. 
A line through or connecting any two points on the two 
given lines must lie in the plane which they define. 
At 


SIMPLE RELATIONS OF THE POINT, LINE, AND PLANE 45 


A line intersecting one of the given lines and parallel to the 
other given line will lie in the plane which they define. 


Construction: 


Given: Planes T, Figs. 2(a-f). 

Required: Lines in the respective planes. 

If the plane is defined by those special lines which we eall 
traces, Fig. 2(a), the points V and H (1,2) and (3,4) chosen any- 
where on these lines are the respective piercing points of the 
assumed line in the coordinate planes. If the plane is defined 
by any two lines as in Fig. 2(d), any two points, as A and C, or 
D and E, may be connected by lines (1,4) and (6,6). 

A plane is defined by any three points of it. If then a poly- 
gon of any number of sides, e.g., Fig. 2(c), has one projection 
given and the other projections of at least three corners, that pro- 
jection may be completed by extending the two completely deter- 
mined sides or by the use of auxiliary coplanar lines. 

Any horizontal line in a given plane is called a horizontal of 
that plane, e.g., VA of plane 7, Fig. 2(f). The H projection of 
such a line is parallel to the H trace of the plane, for the line VA 
is parallel to HT and to its own H projection va. HT and va 
are therefore parallel to each other. 

Any line which lies in a given plane and is parallel to the V 
plane is called a vertical of that plane, and by proof similar to 
the above its V projection is parallel to the V trace, Fig. 2(6). 

Any line which lies in a given plane and is parallel to the P 
plane is called a profile of that plane, and its P projection is 
parallel to the P trace. 

The fact of great importance concerning horizontals, verticals, 
and profiles is that the directions of the traces of a plane may be 
determined when the plane is defined by any two lines in it 
merely by assuming in that plane a horizontal line, a line parallel 
to V or a line parallel to P. This is simple under any and all 
circumstances; for a horizontal line CD (1,3), Fig. 2(e) is always 
identified by its horizontal V projection, c’d’. A line parallel 
to V, AE (4,6), is identified by its horizontal H projection, ae. 

42. Problem 6: Example 1. To assume a point in a given 
- plane. 
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46 


REQUIRED 
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Analysis: 
A plane is defined by any two lines in it. 


A point is known to lie in a plane if it lies on a line of the 
plane. 


A line lies in a plane if it has two points in common with it. 


Solution: 
Any point on either of the two lines which define a plane, or upon any 
line joining points of these two lines, lies in the given plane, Figs. 2(a-f). 
43. Problem 6: Example 2. To pass a plane through a 
given line. 


Analysis (a): 
Any two intersecting or parallel lines define a plane. 


Solution (a): 

If through any point of the given line a second line is passed, or if a 
second line is assumed parallel to the given line, the planes so defined 
pass through the given line. 


Analysis (0): 

Since by Article 41 a line which lies in a plane T pierces V 
and H in points which lie on the V and H traces of T, obviously 
the converse, that the traces of a plane pass through the respec- 
tive piercing points of all lines in it, is true. 


Solution (b): 

If plane traces are passed through the respective piercing points of 
the given line, and intersecting each other on GL or both parallel to it, 
they define a plane containing the given line. 


‘44. Problem 7. To determine the traces of a plane defined 
by any two intersecting or parallel lines. 


Analysis (a): 
The traces of a plane are the loci of the corresponding pierc- 
ing points of all lines of the plane. 


Solution (a): 

If the V, H, and P piercing points of the given lines are deter- 
mined, they will define the corresponding traces of the plane. The 
V and H traces will intersect on GL or be parallel to it. The V 
~ and P traces will intersect on GL, or be parallel to it. 
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Construction (a): 

Given: Lines AB and CD, Figs. 3(a) and (6). 

Required: Traces of the plane of AB and CD. 

By Article 30, the projections of the V piercing points of AB 
and CD, Fig. 3(a), are v, v’ (1,9) and », v’ (4,6); and the pro- 
jections of the H piercing points are h, h’ (8,10) and h, h’ (11,13). 
The V projection of the V trace of the required plane 7’ passes 
through v’ and v’ (7); its H projecticn lies in GL, through v and 
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v. The H projection of the H trace passes through h and h (14); 
its V projection lies in GL, through h’ and h’. The traces must 
either intersect on GL or be parallel to GL. 

Analysis (b): 

The H and V piercing points of all lines in a plane will be 
found on the corresponding traces of the plane. 

If the piercing points of certain lines are inaccessible, other 
lines may be assumed [Article 41] in the plane and their piercing 
points used to determine the traces. 

The directions of the traces of a plane may be determined 
by assuming a horizontal and a vertical of the plane. A trace 
may thus be determined by one of its points and its direction. 


SIMPLE RELATIONS OF THE POINT, LINE, AND PLANE 49 


Solution (6): 


iit any convenient point of the one given line is connected with any 
point of the second given line, Fig. 4, the piercing points of this auxiliary 
line are points of the required traces of the plane. 


45. Problem 7: Example 1. To determine the traces of a 
plane defined by a given point and a givea straight line. 


Analysis: 

The plane of a given line and a given point, Fig. 5, is defined 
by the given line and a line connecting the given point with any 
point of the line. 


Fira. 5. 


The plane is defined also by the given line and a line through 
the point parallel to the given line. 


Solution: 

The traces of the plane of the given point and line (as AB and C, 
Figs. 3(b) and 4) will pass through the respective piercing points of the 
given line and the auxiliary parallel or intersecting line. 
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46. Problem 7: Example 2. To determine the traces of a 
plane defined by any three points. 
Analysis : 

Three points define a plane because they define two or three 
intersecting lines joining them, Fig. 6. 


Fia. 6. 
Solution: 
The required traces pass through the respective piercing points of 
the lines joining the given points (as points A, B, and C, Figs. 3(6) and 4). 


See Test Exercises 14 and 15, pages 241 and 242. 


LINES PARALLEL TO PLANES 


47. The only requirement that a line need fill in order to be 
parallel to a plane is that it be parallel to any line of that plane. 
Thus DE is parallel to plane ABC, Fig. 7, because it is parallel 


e 
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to BC. If plane R is defined by its traces, which are its lines of 
intersection with V (FM) and H (FN), Fig. 8, and lines are 
desired through point O parallel to R, one line OP may be drawn 
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parallel to VR (or FM), (1,2), another parallel to HR (or FN) 
(3,4), and a third, OS, parallel to MN (5,6), which is a line of R 
since it passes through two points in R. Also, if planes R and S 
are parallel, every line of one plane is parallel to the other plane. 


PARALLEL PLANES 


48. If two intersecting lines of one plane, R, are respectively 
parallel to two intersecting lines of another plane, S, Figs. 9(a) 
and 9(b), the planes R and S are parallel; that is, they are every- 
where equally distant from each other. 


52 DESCRIPTIVE GEOMETRY 


From the above it follows that, if in one plane R two inter- 
secting lines can be determined which are respectively parallel to 
two lines lying in plane 8, the two planes are proved parallel. 

49. Problem 7: Example 3. Through one given line to pass 
a plane parallel to a second given line. 


Analysis: 

The given lines are assumed to be non-parallel and non- 
intersecting. 

A plane is defined by two intersecting or parallel lines. 

A plane is parallel to a given line if it contains a line parailel 
to that given line and does not contain the given line. 


Solution: 

If through any point of the first given line, an auxiliary line parallel 
to the second given line is passed, the plane defined by these two inter- 
secting lines is the required plane, Figs. 10(a@) and 10(6). 


(a) 
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50. Problem 7: Example 4. Through a given point to pass 
a plane parallel to a given line. 
Analysis: 

A plane passes through a given point if the point lies on a 
line of that plane. 


A plane is parallel to a given line if it contains a line parallel 
to the given line. 
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Solution: 


If through the given point a line is passed parallel to the given line, 
any plane containing this line will satisfy the required conditions, 
Figs. 11(a) and 11(0), provided it does not contain the given line. 


(a) 
Bigs 11. 


51. Problem 7: Example 5. Through a given point to pass 
a plane parallel to two given lines. 


Analysis: 
A plane is parallel to a given line if it contains a line parallel 
to the given line. 


Solution: 

If through the given point two lines parallel respectively to the 
two given lines are passed, the plane defined by these intersecting lines 
is the required plane, Figs. 12(a) and 12(b). 


(a)| 
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52. Problem 7: Example 6. Through a given point to pass 
a plane parallel to a given plane. 
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Analysis: 

A plane passes through a point if the point lies on a line of 
the plane. 

Two intersecting lines define a plane. 

If two intersecting lines of one plane are parallel respectively 
to two intersecting lines of another plane, the planes are parallel. 

The corresponding traces of parallel planes are parallel. 


Solution (a): 

If two lines are passed through the given point parallel to two inter- 
secting lines of the given plane, Fig. 13(a), they will define the required 
plane. 


Fra. 13. 


Construction (a): 
Given: Plane ABC and point O, Fig. 13(b). 
Required: A plane through point O parallel to plane ABC. 
Through point O lines OM (1,3) and ON (4,6) are passed 


parallel respectively to lines AB and BC. Plane MON is the 
required plane. 


Solution (6), (Traces): 


If through the given point a line is passed parallel to a line of the 
given plane, the required traces will pass through the respective piercing 
points of this line and will be parallel to the corresponding traces of the 
given plane. 
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Construction (b): 

Given: Plane T and point O, Figs. 14(a-c). 

Required: The traces of plane S through point O parallel to 
plane 7’. 

Any line VH, vh, v‘h’ (1,6) is assumed in plane 7. A line, 
VH, is passed through point O parallel to line VH of plane T: 
(7,10). The traces of plane S pass through v’ and h (11 12) 
parallel to the corresponding traces of plane 7, Figs. 14(a) and 
14(0). 

Sh many cases the construction may be simplified by passing 
the auxiliary line through point O and parallel to one of the lines 
given in plane T, i.e., parallel to one of its traces, Fig. 14(c). 

See Test Exercises 16, 17, 18, and 19, pages 243-246. 


PRINCIPLE ‘‘B” 
PERPENDICULARITY 


53. Lines in or parallel to any given plane and parallel respec- 
tively to the coordinate planes of projection (termed ‘‘horizon- 
tals” and ‘‘verticals”) serve to define that plane for purposes of 
perpendicularity. 


LINES PERPENDICULAR TO PLANES 


54. A line, AB, Fig. 15(a) is perpendicular to a plane if it is 
perpendicular to two lines, such as BC and BD, in that plane. 
For our purposes in descriptive geometry it is necessary to add 
to the above statement of the condition of perpendicularity the 
circumstance under which we may test and pass upon the right- 
angle relation between lines. As yet we may recognize the rela- 
tion of perpendicularity between two lines from their descrip- 
tions or projections only when at least one of the two lines is 
parallel to a coordinate plane. In that ease the angle of ninety 
degrees is projected in its true value on the corresponding coor- 
dinate plane [Article 33]. For the present then we are limited 
to such combinations to construct a perpendicular to a plane 
or to test the condition of perpendicularity. 
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Proof: 


Given: Planes H and M, and line AB perpendicular to 
plane M, Fig. 15(b). 


Required: Evidence in the relations of the projections of 


Fia. 15. 


AB to projections of lines in M of its condition of perpendicu- 
larity to plane M. 
- The given planes M and 4 intersect in the line HM, which 
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is the trace of plane M in plane H. Line AB is given perpen- 
dicular to plane M. Plane X through AB is the H projecting 
plane of AB, hence is perpendicular to H. The H trace of 
plane X is HX, which coincides with ab, the H projection of the 
line AB. 

Plane X is perpendicular to plane M since it passes through 
the line AB, which, by hypothesis, is perpendicular to the plane. 
Plane X is constructed perpendicular to plane H. It is there- 
fore perpendicular to the line of intersection HM of these two 
planes. Conversely, HM is perpendicular to plane X. It is 
therefore perpendicular to every line in plane X passing through 
its piercing point H in X; ab, the H projection of the line AB, 
is one such line. The conclusion then is that: the projections of a 
line which is perpendicular to a plane are perpendicular to the cor- 
responding traces of that plane, Fig. 15(c). 

Line DE in plane M is drawn parallel to H, that is, horizon- 
tal. It is parallel to every horizontal line in plane M, hence to 
HM. DE is parallel also to its own H projection de. HM and 
de are thus parallel to DE, and therefore to each other. The H 
projection ab of line AB is hence perpendicular to de as well as 
to HM and therefore to the H projections of all horizontal lines 
in plane M. The additional important conclusion then is that: 
If a line is perpendicular to a plane, its H, V, and P projections 
are perpendicular respectively to the corresponding projections 
of any horizontal, vertical, and profile of the plane, Fig. 15(d). 


PERPENDICULAR PLANES 


55. Two planes are perpendicular if one of them has been 
constructed to contain, or can be shown to contain, a line which 
is perpendicular to the other plane, Fig. 16(a). Such a line can 
be constructed or can be tested by the method of Article 54. 
Such a line and any other line intersecting it will define a plane 
which is perpendicular to the given plane. 

If two planes are described by pairs of intersecting or parallel 
lines other than the traces, there is no means of determining the 
angular relation between the planes from mere examination of 
the projections of such lines. 
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Planes R and S, Fig. 16(6), were constructed perpendicular 
to each other by making line DE in plane T perpendicular to 
plane S. However, if the projections of the vertical (1,3) and 
horizontal (4,6) of plane S were omitted, the perpendicularity of 


(c) 
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the planes would not be evident from inspection of the projec- 
tions of lines ABC and DEF. a 

If planes are described by their traces, the condition of per- 
pendicularity cannot be determined by inspection unless one of 
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the two planes is also perpendicular to a plane of projection. 
In such case, Fig. 16(c), the traces in that coordinate plane are 
perpendicular. Planes S and T are perpendicular since plane 7’ 
is shown to contain a line perpendicular to plane S. 

56. Problem 7: Example 7. To pass a plane through a 
given point perpendicular to a given line. 


Analysis: 

A plane which is perpendicular to a given line intersects that 
line in a point. 

The given line is perpendicular to each line in the above plane 
passing through the point of intersection. 

The condition of perpendicularity can be seen between the 
given line and only three of the lines of the plane. These are a 
horizontal line (a horizontal), a line parallel to V (a vertical), 
and one parallel to P (a profile), (Principle of Perpendicularity 
[Article 53]). 

A plane through a given point and parallel to any plane 
which is perpendicular to a given line is also perpendicular to 
that line. 

Solution : 

If through any point of the given 
line, Fig. 17(a), two lines are drawn 
perpendicular to the line [Article 33], 
they constitute a plane perpendicular to 
the line. A plane through the given 
point parallel to this plane is the re- 
quired plane. The traces of this plane, 
if they are required, are perpendicular 
to the corresponding projections of the 
given line. 


Note: This problem becomes avail- 
able to pass a line through a given point 
perpendicular to a given line after 
completing Principle ‘‘C’”’ (intersection 
of any line with any plane). 


Fia. 17(a). 


Construction: 
Given: Line AB and point O, Figs. 17(b) and 17(c). 
Required: A plane through point 0 perpendicular to line AB. 
Through point A two lines are passed perpendicular to AB, 
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Fig. 17(b). Line AC (1,3) is parallel to V, and the angle of 
90 degrees therefore shows on the V plane. Line AD (4,6) is 
horizontal, and the angle of 90 degrees shows on the H plane. 
Plane DAC is perpendicular to AB. Lines OF and OF are 
passed through O parallel, respectively, to AC (7,9) and AD 
(10,12). Plane HOF is parallel to plane DAC and hence is per- 
pendicular to AB. It is apparent that lines OZ and OF could 
have been passed through O without passing lines AD and AC 
through A at all, because OF is a vertical of the required plane 
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and e’o’ (7) is hence perpendicular to a’b’; and OF is a horizontal 
of the required plane, hence fo (12) is perpendicular to ab. 

In Fig. 17(c) a horizontal, OC, of the required plane is passed 
through point O (1,3). The V trace of plane 7 then passes 
through v’ perpendicular to a’b’ (4). HT is perpendicular to 
ab (6). 

57. Problem 7: Example 8. To pass a plane through a 
given point perpendicular to a given plane. 


Analysis: 
A plane passes through a point if the point lies on a line of 


the plane. 
A plane, S, is perpendicular to a second plane, T, if S con- 


tains a line which is perpendicular to 7’. 


62 DESCRIPTIVE GEOMETRY 


A line is perpendicular to a plane if it is perpendicular to two 


intersecting lines of that plane. 


A line is known to be perpendicular to a plane if its respective 


Fia. 18(a). 


projections are perpendic- 
ular to the directions of the 
corresponding traces of the 
plane. 

The directions of the 
traces of a plane are known 
from the directions of the H 
projection of a horizontal, 
the V projection of a verti- 
cal, and the P projection of 


a profile. 


Solution: 

If through the given point O 
a line OF is passed perpendic- 
ular to the given plane, Fig. 


18(a), any plane passing through line OF will be perpendicular to the 


given plane. 


Construction: 


Fia. 18(6). 


Given: Point O and plane T (ABC), Fig. 18(6). 
Required: A plane through point O perpendicular to plane T. 
CD (1,3) is a horizontal of plane ABC. AE (4,6) is a vertical 
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of plane ABC. The H projection de (3) of DC and the V pro- 
jection a’e’ (6) of AE are the directions, respectively, of the H 
and V traces of ABC. The projections of a line through O per- 
pendicular to ABC are hence fo and f’o’ (7,8) perpendicular, 
respectively, to de and a’e’. Any other line OM (9,10) through 
O then defines with OF a plane FOM through O perpendicular 
to ABC. 

58. Problem 7: Example 9. To pass a plane through a 
given line, perpendicular to a given plane. 


Analysis: 


A plane, S, is perpendicular to a second plane, 7’, if S con- 
tains a line which is perpendicular to plane 7’. 

If a line perpendicular to plane S is passed through any 
point of the given line, these two intersecting lines define the 
required plane. 

See Analysis of Problem 7, Example 8. 


Solution: 

If through any point of the given line a line is passed perpendicular 
to the given plane, the plane of this perpendicular and the given line will 
be the required plane. 


Construction: 


Given: Line OM and plane ABC, Fig. 18(b). 

Required: A plane through OM perpendicular to ABC. 

Line OF is passed through O perpendicular to ABC as 
explained under the ‘‘Construction”’ in Article 57. Plane FOM 
is the required plane through OM and perpendicular to ABC, 

59. Problem 7: Example 10. To pass a plane through a 
given point perpendicular to two given planes. 


Analysis (a): 
A plane, R, is perpendicular to a plane, S, if R contains a line 


which is perpendicular to S. uy ; 
Plane R is perpendicular to two planes S and T if it contains 


a line perpendicular to each. 
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Solution (a): . | 

If through the given point O, Fig. 19(a), two lines are passed 
perpendicular, respectively, to the given planes, these two lines, OA 
and OC, define the required plane. 


WA O 


Fia. 19(a). 


Construction (a): 

Given: Planes S (GKM) and T (DEF), Fig. 19(0). 

Required: A plane, R, through point O perpendicular to 
planes S and T. 

The horizontal NM (1,3) and vertical GW (4,6) of plane S 
provide the directions of the H and V traces of plane S. The 


Fia. 19(6). 


horizontal DX (7,9) and the vertical FZ (10,12) provide the direc- 
tions of the traces of plane 7. The projections of the perpen- 
diculars OA and OC from point O to planes S and T are then 
drawn perpendicular to the respective traces of these two planes, 
OA (13,15) and OC.(16,18). The plane of OA and OC is the 
required plane R. 
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Analysis (0): 
A plane, R, is perpendicular to a plane, S, if R is perpendicu- 
lar to a line in S. R is hence perpendicular to two planes, S 


and T,, if it is perpendicular to lines in each, i.e., to their line of 
intersection. 


Solution (b): 

If through the given point O, Fig. 19(a), a plane is passed perpendicu- 
lar to the line of intersection of the two given planes, this plane OABC 
will be perpendicular to both given planes. (This method becomes 
available after completing Problem 10 [Article 64].) 

See Test Exercises 20, 21, 22, and 23, pages 247-250 


PRINCIPLE ‘‘C” 


INTERSECTION 


60. All points of one of two perpendicular planes are pro- 
jected orthogonally upon the other plane in their line of inter- 
section. Planes X and H, Fig. 20(a), are perpendicular to each 
other. Plane M intersects plane X in line P,P2, which projects 


A 


Fia. 20(a). 


upon H in pp, on ab. Line AB of plane X pierces plane M in 
point P;, which is projected upon H in ps on ab. 

61. Problem 8. To find the point in which a given line 
pierces the H (or V) projecting plane of another line. 
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Analysis: 

The H projection of a line is the locus of the H projections 
of all points of its H projecting plane. 

The H projection of the desired point is hence common to 
the H projections of the two lines. 


Solution : 

The intersection of the H projections of the given lines, Fig. 20(6), 
is the H projection of the point in which either line pierces the H pro- 
jecting plane of the other. 


Construction: 

Given: Lines AB and CD, Fig. 20(c). 

Required: The point P in which AB pierces the H projecting 
plane of CD. 

The H trace of the H projecting plane of CD coincides with 
cd (1). The H projections of all points of plane S are found on 
the H trace, HS. The H projection of the point P in which AB 
pierces S is hence at p and the V projection at p’ (2). 

62. Problem 9. To find the point in which a given right line 
pierces a given plane. 


Analysis: 
A point is always derived as the intersection of two lines. 


The required point is common to the given line and the plane. 
The auxiliary line in this case must lie in the given plane. 
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The auxiliary line and the given line define a plane which 
for convenience may be a projecting plane of the given line. 

The auxiliary line passes through the points in which any 
two lines of the given plane pierce a projecting plane of the given 
line [Article 61]. 


Solution : 


The required piercing point is the point of intersection of the given 
line and the line of intersection of the given plane with the H (V or P) 
projecting plane of the given line, Fig. 21(a). 


Pig 21. 


Construction: 

Given: Line AB and plane T (CDE), Fig. 21(0). 

Required: Piercing point of line AB in plane T. 

The H projecting plane, S, is passed through AB. Its H 
trace coincides with ab. CD and DE pierce S in points M 
and WN (1,2). The projections of the line of intersection MN of 
S and CDE are therefore m’n’ and mn (1,3). The V projection 
of AB intersects m’n’ at p’, the V projection of the required 
piercing point. The H projection of the piercing point, P, is at 
p (4) on ab and mn. 
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In Fig. 21(c) the intersection of the projecting plane S and 
the given plane T is found as in Solution (6), Problem 10 [Arti- 


cle 64]. 
Q 


WS 


ps 


Fia. 21 (c). 


63. Problem 9: Example 1. To pass a line through a given 
external point and perpendicular to a given line. 


Analysis : 

The locus of all lines perpendicular to a given line at any par- 
ticular point of it is the plane through that point perpendicular 
to the line. 

A plane through the given external point and perpendicular 
to the given line must contain the required perpendicular line. 

The line joining the given point with the point in which the 
given line pierces the perpendicular plane is the required line. 
Solution: 

If a plane is passed through the given point perpendicular to the 
given line, the line joining the given point with the point in which the 
given line pierces this plane is the required line. 

Construction: 

Given: Point and line AB, Fig. 22. 

Required: A line through O perpendicular to AB. 

A plane is passed through point O perpendicular to AB. It 
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is defined by the horizontal OC and the vertical OD (1,6). The 
piercing point M of AB in plane COD is determined by passing 
a vertical plane X through AB and finding the points # and F 


in which OD and OC pierce plane X (7,12). The required per- 


pendicular is then OM (13,14). 
64. Problem 10. To find the line of intersection of any two 


given intersecting planes. 


Analysis: 

Planes are defined by any two intersecting or parallel lines. 

The intersection of two planes is a straight line defined by 
two points which are common to both planes. 

The point in which a line pierces a plane is the point in which 
it intersects a line in that plane. 
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Solution (a): 

If an auxiliary vertical plane, S, is passed through a line of one plane, 
Fig. 23(a), or wherever convenient, Fig. 23(6), it will intersect the given 
planes in lines which will intersect each other in a point of the required 
line of intersection. A second similar auxiliary plane will provide a 
second point. 


Construction (a): 

Given: Planes ABCD and EFGH, Figs. 23(c) and (d). 

Required: The line of intersection. 

Vertical plane S, Fig. 23(c), is passed through one of the 
given lines of plane ABCD, e.g., DC (1). Plane ABCD then 
intersects plane S in line DC (2,4) and plane EFGH intersects 
plane S in line OR (5,7). Since lines DC and OR both lie in 
plane S, they will intersect if they are not parallel. They inter- 
sect at P,, since d’c’ intersects o’r’ at pi; p, is found on both 
dc and or (8). 

A second vertical plane, 7’ (9), is passed parallel to S, or 
in any convenient location. Plane T intersects plane ABCD 
in line JK (10,12) and plane EHFGH in line MN (13,15). 
JK intersects MN in point P, (16). Points P,; and P:, which 
lie in both given planes, determine the required line of inter- 
section, P,P, (17,18). The process of determining the line of 
intersection of two planes defined by figures which do not over- 
lap, Fig. 23(d), is the same as that just described for Fig. 23(c). 


Solution (6): 
If the two planes are defined by their traces, the H traces will intersect 


(unless parallel) in one of the required points and the V (or P) traces 
in another. 


Construction (b): 

Given: Planes S and T, Fig. 23(e). 

Required: Line of intersection of S and T. 

In this case the coordinate planes which are already provided 
constitute the auxiliary planes employed to intersect the given 
planes in lines which will intersect in points of the required line 
of intersection. 

The intersection of the V traces of S and T is a point com- 
mon to S and 7. Since it lies also in the V plane, it is the V 
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Fig. 23. 
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piercing point of the line of intersection; the V projection, v’, 
coincides with the point itself and, since it is a point in V, its H 
projection, v, ison GL (1). The H projection, h, of the H pierc- 
ing point of the required line is the intersection of HS and HT; 
its V projection, h’ (2), is on GL; vh and v’h’ (3,4) are the H and 
V projections of the required line. 


SPECIAL CASES OF INTERSECTION OF PLANES 


65. 1. If two corresponding traces are parallel, they may be 
considered as intersecting at infinity. The line of intersection 
then meets these parallel traces at infinity; i.e., it is parallel to 
them, Fig. 24(a). 

2. If one plane is parallel to a coordinate plane, e.g., to H, 
the line of intersection is parallel to H; i.e., it is a horizontal of 
both planes. It is therefore parallel to the H trace of the oblique 
plane [Article 41], Fig. 24(0). 


Fia. 24. 


3. If both planes are perpendicular to H or V, the line of 
intersection is perpendicular to H or V [Article 25], (1 or 2), 
Fig. 24(c). 

4. If both planes are parallel to GL, neither the H nor B 
piercing point is available for determining the line. The line is 
parallel to GL, however; hence its position may be determined 
by reference to the profile plane or by the method of Case 5. 
The intersection of the profile traces of the planes is the profile 
piercing point of the required line, Fig. 24(d). 
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5. If either pair of traces does not intersect within limits of 
drawing, or all traces meet in the same point on GL, two methods 
of solution are applicable. 

Solution (a): 

An auxiliary plane, parallel to V (or H), intersects the given planes 
in lines which intersect in a point of the required line of intersection. 
This point, with the available piercing point, determines the required 
line, Figs. 24(e) and 24(f). 


(e) Fig. 24. (f) 


Solution (b): (When one point on the intersection has been found.) 

Tf in any convenient location an auxiliary plane parallel to one of 
the given planes is constructed, its line of intersection with the other 
given plane is parallel to the required line of intersection. 


The required 
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line is determined by the one point and this direction, Figs. 24(g) and 
24(h). 

6. If one of the planes is perpendicular to a coordinate 
plane, the trace on that coordinate plane is the corresponding 


Fia. 24. 


projection of the line of intersection, and the other projection 
may be found by means of horizontals or verticals, Fig. 24(2). 
66. Problem 11. To find the projection of a given line ona 
given plane. 
Analysis: 
The projection of any point on any plane is the foot of the 
perpendicular dropped from the point to the plane. 
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The projection of any straight line on any plane is a straight 
line comprising the projections of all points of the given line. 
It is defined by any two of its points. 


Solution: 

If through any two points of the given line, perpendiculars to the 
given plane are passed, the line connecting the piercing points of these 
perpendiculars in the given plane is the required projection. 


Fia. 25(a). 


Construction (a): 

Given: Plane T (CDEF) and line AB, Fig. 25(a). 

Required: Projection of AB on CDEF. 

Perpendiculars from A and B to CDEF are described by pro- 
jections which are perpendicular, respectively, to the H projec- 
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tion of a horizontal DN and to the V projection of a vertical 
DM (1,10). H projecting planes S and R through these per- 
pendiculars intersect plane CDEF in lines OP and GT (11,16). 
These lines of intersection, OP and GT, in turn intersect the 
perpendiculars in points Az, apap (10,13, and 17) and Br, brbr 
(9,16 and 18), the projections of A and Bon CDEF. ArBr 
(19,20) is therefore the required projection of line AB on plane 
CDEF. 


Fig. 25 (0). 


Construction (b): 

Given: Plane 7 and line AB, Fig. 25(0). 

Required: Projection of AB on T. 

Perpendiculars to plane 7 are drawn from points A and B 
(1,4), [Article 54]. Through these are passed H projecting 
planes, R and S (2/5 and 4/8). The lines of intersection of R 
and S with T are VH (6,7) and VH (9,10). The perpendiculars 
from A and B intersect these lines of intersection at points Ay 
and Br (11,12), which are the projections of A and B on T. 
Line A7Br (13,14) is the required projection of AB on plane T’. 
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SUMMARY OF RELATIONS OF POINTS, LINES, AND PLANES 


67. It may be well to summarize here certain relations con- 
cerning points, lines, and planes, some of which may be deter- 
mined by inspection of the given projections and traces, others 
of which cannot. 


1. For descriptions of the positions of points, lines, and 
planes relative to the planes of projection, see: 


(a) Alphabet of a point, Article 21. 
(b) Alphabet of a line, Article 25. 
(c) Alphabet of a plane, Article 38. 


2. (a) If a point lies on a line, its H, V, and P projections 
must lie on the corresponding projections of the line. 

(b) In general, a point lies on a line if any two projections 
of the point lie on the corresponding projections of the line. 
However, if the line is parallel to one of the planes of projection, 
the projections of the point and line upon that plane must be 
found to determine whether the point lies on the line or not. 

(c) Lf a point and line lve in a given oblique plane, the point 
lies on the line if any one of its projections lies on the corre- 
sponding projection of the line. 

3. (a) If two lines intersect, their corresponding H, V, and 
P projections must intersect, and the common points of their 
H, V, and P projections must be the corresponding projections 
of the same point. 

(b) In general, two lines intersect if any two pairs of their 
corresponding projections intersect at the corresponding pro- 
jections of the same point. However, ¢f one of the lines is parallel 
to one of the planes of projection, the projections upon that plane 
must be found to determine whether the point lies on that line 
or not. 

(c) If two lines lie in a given oblique plane, the lines in- 
tersect if any one pair of their corresponding projections inter- 
sect. 

4. (a) If two lines are parallel, their corresponding H, V, 
and P projections must be parallel. 

(6) In general, two lines are parallel if any two pairs of 
their corresponding projections are parallel. However, if the 
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lines are parallel to one of the planes of projection, their projec- 
tions upon that plane must be found to determine whether the 
lines are parallel or not. 

(c) If two lines lie in a given oblique plane, the lines are 
parallel if any one pair of their corresponding projections are 
parallel. 

5. (a) If a line lies in a plane, it must either intersect or be 
parallel to any other line in that plane. Lines lying in the same 
plane are said to be coplanar lines. 

(b) If two lines are nonparallel and nonintersecting, they 
cannot lie in the same plane. Such lines are said to be non- 
coplanar or skew lines. 

(c) If a line lies in a plane, its H, V, and P piercing points 
must lie on the corresponding traces of the plane. 

(d) If a line lies in an oblique plane and is parallel to one 
of the planes of projection, it must be parallel to the corre- 
sponding trace of the plane. 

(e) A point lies in a plane if it lies on any line in that plane. 

(f) All points and lines lying in a plane which is perpen- 
dicular to one of the planes of projection must have their pro- 
jections upon that plane lying in the same straight line, i.e., in 
the corresponding trace of their plane. 

6. (a) A line is parallel to a plane if it is parallel to any line 
in that plane. 

(b) If a line is parallel to a plane, its H, V, and P projec- 
tions are not in general parallel to the corresponding traces of 
the plane. 

7. (a) Two planes are parallel if any two intersecting lines 
in one plane are parallel to the other plane. 

(b) If two planes are parallel, their corresponding H, V, 
and P traces must be parallel. 

(c) Two planes are parallel if any two intersecting traces 
of one plane are respectively parallel to the corresponding traces 
of the other plane. However, if two parallel traces of one plane 
are parallel to the corresponding traces of another plane, their 
traces upon the third plane of projection must be found to 
determine whether the planes are parallel or not. 

8. (a) Two lines intersecting at 90 degrees are said to be 


perpendicular. 
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(b) Two intersecting lines are perpendicular if one of the 
lines lies in a plane perpendicular to the other. 

(c) If a line lies in a plane perpendicular to another line, 
but does not intersect the other line, the lines are said to be 
rectangular lines. 

(d) If two lines are perpendicular, their corresponding 
H, V, and P projections are not in general perpendicular. How- 
ever, if one of the lines is parallel to one of the planes of projection, 
their projections upon that plane must be perpendicular. 

9. (a) A line is perpendicular to a plane if it is perpendicular 
to two intersecting lines in that plane at their point of intersec- 
tion. 

(b) If a line is perpendicular to a plane, its H, V, and P 
projections must be perpendicular to the corresponding traces 
of the plane. 

(c) If a line is perpendicular to a plane, its H, V, and P 
projections must be respectively perpendicular to the corre- 
sponding projections of any horizontal, vertical, and profile of 
that plane. 

(d) In general, a line is perpendicular to a plane if any two 
of its projections are perpendicular to the corresponding traces 
of the plane. However, if the plane is represented by two parallel 
traces, the projection of the line and the trace of the plane upon 
the third plane of projection must be found to determine whether 
the line is perpendicular to the plane or not. 

10. (a) Two planes are perpendicular if one of the planes 
contains a line perpendicular to the other plane. 

(b) If two planes are perpendicular, their corresponding 
H, V, and P traces are not in general perpendicular. However, 
if one of the planes 1s perpendicular to one of the planes of projec- 
tion, their traces upon that plane must be perpendicular. 


CHAPTER V 


HIGHER RELATIONS OF THE POINT, LINE, 
AND PLANE 


PRINCIPLE ‘‘D” 
REVOLUTION 


68. If lines and planes are rotated into a position coinciding 
with or parallel to the coordinate planes of projection, the 
condition of plane geometry is achieved wherein all properties 
of lines and points are measurable, with the conventional 
standard measuring devices (scales, protractors, planimeters). 

69. Problem 12. To revolve a given point about a given line, 
and to find its projections in any revolved position. 


Discussion: 


The term ‘‘revolution” may be broadly defined as implying 
“motion in a circular path.’’ Thus, if a given point, O, Fig. 1, 
moves so that it remains in a given plane, R, and at a fixed 


SSS 


Fra. 1. 


distance from another given point, C, in that plane, point O 
will describe the circumference of a circle lying in plane R with 


center at C and radius CO; and point O is said to revolve about 
81 


82 DESCRIPTIVE GEOMETRY 


point C asacenter. Or, if a line, AB, is taken perpendicular to 
plane R through point C, point O is said to revolve about line AB 
as an axis. Point O is termed the revolving point; plane A, the 
plane of revolution; point C, the center of revolution; line CO, 
the radius of revolution; line AB, the axis of revolution; and 
the circle described is called the circle of revolution. 

It follows from the above that the problem of revolving a 
given point about a given axis involves only the determination 
of a certain definitely fixed circle. It will be recalled from plane 
geometry that the determination of a circle involves the fixing 
of the following three characteristics of the circle: its plane, its 
center, and its radius. When these three elements are fixed, 
the circle, and every point on its circumference, are determined. 
Since the plane of revolution contains the revolving point and 
is perpendicular to the axis of revolution, the plane is determined, 
and knowing that the center of revolution lies on the axis of 
revolution and in the plane of revolution, the center is deter- 
mined. Since the revolving point is one point on the cireum- 
ference of the circle of revolution the radius of the circle of 
revolution is determined. 


APPLICATIONS OF REVOLUTION 


70. The problem of revolving a point about a straight line, 
which we have called the Principle of Revolution, finds many 
applications in the further problems of descriptive geometry and 
is indispensable to the determination of values. 

The determination of values (magnitudes) by the compara- 
tive process of measurement through the use of scales, a protrac- 
tor, or planimeter requires that the. distance, angle, or area 
to be measured be described in true or known scale value in the 
plane in which the measuring instruments are used. This 
implies that the value to be measured was drawn in the plane 
of measurement, or that it has been projected upon or placed 
in that plane in such manner that the projection or transferred 
description has the same value as the original. This can only 
be true when the value (line, angle, or area) is made parallel 
to the plane of measurement or the plane of the value is made to 
covncide with the plane of measurement. There is no other process 
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than this, no matter what name it is given—revolution, auxiliary 
projection, value planes, etc. 

71. Problem 13. To revolve a given point about a vertical 
line and find its projections when it is the same distance from 
V as the line. 

Note: This problem might be stated in more general terms as 
‘*To revolve a given point about a line which is perpendicular 
to a plane of projection and determine its projections when it is 
in any desired position on the circle of revolution.” It is felt, 
however, that the desired end of determining the distance 
between two points can be attained by stating the problem in 
more precise and restricted terms. One axis is therefore selected, 
preferably perpendicular to the H plane of projection, and stated 
as a ‘“‘vertical”’ line because of the simple and direct connotation 
of that word. 


Analysis : 

The path of a point which revolves about a straight line is a 
circle. 

The plane of the path is perpendicular to the line. 

The center of the circular path is on the line. 

The radius of the path is the distance from the point to the 
line. 

The relative distances from points and vertical lines to V are 
shown by their horizontal projections. 


Solution: 

If a plane is passed through point O perpendicular to the given line 
AB, it will intersect the line in a point, C, which is the center of the 
circular path in which O travels. The distance from O to this point C 
is the radius of the circle. 


Construction: 


Given: Point O and the vertical line AB, Figs. 1 and 2. 

Required: To revolve O about AB until it is the same dis- 
tance from V as AB. 

Since line AB is vertical, plane R of the path of O is hori- 
zontal. Its vertical trace VR is therefore horizontal and passes 
through o’. Plane & intersects line AB at point C, which is 
the center of the path of O. The radius of the circle is oc, and 
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c is the center of the H projection of the circle, which in this 
case is identical in size and shape with the circle itself. Point O 
will be the same distance from V as AB when its H projections 
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lie on a horizontal line through ab; that is, at 0; and 0», (4). 
The V projections of all points of the circle lie on VR; hence 
the V projections of O, and QO, are at 0; and 0, (6, 6). 

72. Problem 14. To find the true length of a given line. 


Analysis (Method A): 

The portion of a line between any two points shows in its 
true length if the line lies in the plane of measurement or is 
parallel to it. 

A line may be rotated into a position parallel to a plane of 
measurement, e.g., V, by revolving one extremity about a 
vertical line through the other extremity until they are the same 
distance from V [Article 71]. 


Solution : 

If one of the two points defining the line, Fig. 3(a), is revolved about 
the H projecting line of the other until they are the same distance from 
V, the line will have been revolved into a position parallel to V, and its 
true length will then be shown on the V plane. 
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Construction (a): 

Given: Line AB, Fig. 3(0). 

Required: True length of AB. 

Point A is to be rotated about the H projecting line of B until 
they are equally distant from V. Since the axis of revolution 
is vertical, the plane of rotation R is horizontal and its V trace 
VR is horizontal and passes through a’ (1). The center of 
rotation is at C and the radius is AC. The horizontal projec- 


tion of the circle is drawn with center c and radius ac (3). The 
bc 


Fia. 3. 


are (3) from a to a, on the horizontal line (4) is all that is required, 
for A is then the same distance from V as is B. The H projec- 
tion of the line in this revolved position is a,b (6,6), and as the H 
projection of A moves to a, the V projection a’ moves along VR 
to a. The V projection of AB when it has been rotated about 
BC until it is parallel to V is a,b’ (6). It therefore provides the 
required true length of AB. 


Solution (b), (Method B): 

If the quadrilateral formed by the line, the projecting lines (e.g., H) 
of two of its points, and its H projection are revolved about the H pro- 
jection into H, Fig. 4(a), the quadrilateral will show in its true size and 


form and the line in its true length. 
Note: Method B is given here in this manner to associate it with 


Method A. It is explained again in Article 79. 


Construction (0): 
Given: Line AB, Fig. 4(0). 
Required: True length of AB. 


86 DESCRIPTIVE GEOMETRY 


The projecting lines from points A and B make an angle of 
90 degrees with the respective projections ab and a’b’ of the 
line. The revolved true size and shape quadrilaterals can there- 
fore be constructed by erecting perpendiculars to the H pro- 


(b) 
Fia..4. 


jection ab at a and b (1,2) and measuring on them from a and b 
the distances, respectively, from a’ and b’ to GL to locate A, and 
B,. A,B, is the required true length. In similar fashion A,B, 
may be found by revolution about a’b’ into the V plane. 

73. Problem 15. To find the distance from a given point 
to a given plane. 


Analysis : 

The distance from a point to a plane is measured along a 
perpendicular from the point to the plane. 

The condition of perpendicularity can be seen with a hori- 
zontal and vertical, or with the H and V traces. 

The distance is the length of the portion of the perpendicular 
from the given point to its piercing point in the plane. 

The distance will show in its true value if the perpendicular 
is revolved into or parallel to a plane of measurement. 
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Solution: 

If through the given point O, Fig. 5(a), a perpendicular to the given 
plane is passed, the true length of the portion of the perpendicular 
between the given point and the piercing 
point P will be the required distance. O 


Construction (a): 
Given: Plane 7 and point O, Fig. 
5(b). 
Required: Distance from O to T. 
A perpendicular to plane 7’, Fig. 5(b), 
is drawn through O (1,2), [Article 54]. 
The H projecting plane S of the perpen- 
dicular intersects plane T in line VH(3,6,) Fia. 5(a).- 


Fria. 5. 


which intersects the perpendicular in point P (7), its piercing 
point. OP is revolved about the H projecting line of point O 
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until it is parallel to V (8,12). The V projection o’p, in this 
revolved position is the true length of OP and the required 
distance [Article 72]. ; 


Construction (b): 


Line OD, perpendicular to plane 7’, is passed through O, 
Fig. 5(c). Its projections, od and o’d’, are perpendicular 
respectively to the H projection of a horizontal (1,4) and to the 
V projection of a vertical (5,8) of plane T. An H projecting 
plane through OD intersects plane JT in the line EF (9,11). 
EF intersects the perpendicular OD in the required piercing 
point P (12). OP is revolved about the H projecting line of O 
until it is parallel to V (13,17). The true length of the line OP 
and the required distance from O to plane T are o’p, (17). 

74. Problem 15: Example 1. To find the distance between 
two parallel planes. 


Analysis: 

The distance between parallel planes is measured along a 
common perpendicular to them. 

The true length of the portion of the perpendicular between 
its piercing points in the two planes is the distance between 
the planes. 


Fia. 6(a). 


Solution: 


If through any point O in one plane S, Fig. 6(a), a perpendicular to 
plane T is passed, the true length of the portion of the perpendicular 
from the assumed point O in S to its piercing point P in T will be the 
required distance. 
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Construction : 

Given: Parallel planes S (OMN) and T (ABC), Figs. 6(b) 
and (6c). 

Required: Distance between S and T’. 

A perpendicular to plane T is passed through any convenient 
point Oin plane S. Its projections od and 0’d’ are perpendicular 


Fig. 6(6). 


respectively to the H projection of a horizontal (1,4) and to the 
V projection (5,8) of a vertical of plane T. An H projecting 
plane X through OD intersects plane 7 in the line HF (10,12). 
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EF intersects OD in the required piercing point P (13). The 
true length of OP is o’p, (14,18). 


Fia. 6(c). 


75. Problem 16. To find the distance from a given point to 
a given line. 
Analysis: 

The distance from a given point to a given line is measured 
along a perpendicular from the point to the line. 

A plane through the given point perpendicular to the given 
line contains the perpendicular line along which the desired 
distance must be measured. 

The line connecting the given point with the piercing point 
of the given line in the perpendicular plane is perpendicular to 
the given line. 

Solution : 

If a plane, 7’, is passed through the given point O perpendicular to 
the given line AB, Fig. 7(a), the distance from the given point to the 
point P in which the given line pierces this plane will be the required 
distance. 

Construction : 
Given: Point O and line AB, Figs. 7(b) and 7(c). 
Required: Distance from O to AB. 
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Plane T, Fig. 7(b), is passed through point O perpendicular 


to line AB (1,6), [Article 56]. 

The H projecting plane X of AB 
intersects plane 7' in line EF (7,11), 
Fig. 7(6). EF intersects AB in the 
desired point P and OP is the re- 
quired perpendicular line from O to 
AB (12-14). The true length of OP 
is o’p, (15,18). 

Plane J, Fig. 7(c), is passed 
through point O perpendicular to line 
AB (1,5). The H projecting plane X 
of AB intersects plane TJ in line HP 


A 


8 
Fia. 7(a). 


(8 and 13,14) parallel to the intersection VH (9,12) of planes 


Pra. 7. 


Yand 7. The perpendicular from O to AB is then OP (16,1 6) 


and its true length is o’p, (17,21). 
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76. Problem 16: Example 1. To find the true distance 
between two given parallel lines. 


Analysis : 

The distance between two parallel lines is measured along a 
common perpendicular line. 

The distance is the true length of the portion of the per- 
pendicular between its intersections with the given lines. 

A plane through any point of the one line and perpendicular 
to both lines intersects the second line in the second required 
point. The line joining these points is the required perpendicular. 


Solution: 


If a plane, 7’, is passed through any point O on line CD and per- 
pendicular to line AB, Fig. 8, the distance from this point to point P, 
in which the second line pierces this plane, will be the required distance. 


Fia. 8. 


Construction : 


Given: Parallel lines AB and CD, Fig. 8. 

Required: Distance between AB and CD. 

Having assumed point O on CD, the construction is identical 
with that in Figs. 7(6) and 7(c), [Article 75], for measuring the 
distance from a point to a line. 

77. Problem 17. To find the projections and true length of 
the common perpendicular to two non-intersecting and non- 
parallel lines. 


Analysis: 


If a line, CD, is parallel to a plane, T, it is parallel to its 
projection C7Dr on that plane, Fig. 9(a). 
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A perpendicular to plane 7 at any point on the projection 
C';Dr will intersect the given line CD and be perpendicular to it. 

If a line, AB, in the plane intersects the projection CrDr, 
the perpendicular to plane 7 at this point O is perpendicular to 
both CD and AB. 


Solution: 


If through the line AB a plane T is passed, parallel to CD, Fig. 9(a), 
and the projection of CD on plane T' is found, the perpendicular to 


oe 


Fia. 9(a). 


plane 7’, at the point in which the projection of CD on T intersects AB, 
will intersect CD and is the required common perpendicular. 


Construction (a): 

Given: Lines AB and CD, Fig. 9(b). 

Required: Common perpendicular to AB and CD. 

A line, AZ, is passed through A parallel to CD (1,3). The 
plane HAB (T) is thus parallel to CD. A perpendicular, CF, 
to plane T is passed through point C; cf is perpendicular to the H 
projection of a horizontal (4,7) and c’f’ to the V projection of a 
vertical of plane JT (8,13). The H projecting plane X of CF 
intersects 7’ in line SK (14,17), which intersects CF in point Cr 
(18,19), the piercing point of Cf in T. The projection of CD on 
T (CrDr) is parallel to CD, because CD is parallel to T. The 
projections of C7Dr are hence parallel to cd and c’d’ (22,23). 
C7Dr intersects AB in point O (24), which is one point on the 
common perpendicular. A perpendicular to T through O is 
parallel to CF (25,26) and intersects CD in point M (27), the 
other point on the common perpendicular. The true length of 
the common perpendicular OM is o’m, (28,32). 
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Construction (b): 


Given: Lines AB and CD, Fig. 9(c). 

Required: Common perpendicular to AB and CD. 

AEF is passed through point A parallel to CD (1,3). Plane 7 
of AB and AE is the required plane through AB parallel to 
CD (4,14). Lines CF and DG are drawn perpendicular to plane 7 


Fia. 9(c). 


(15,16) and (21,22). Their piercing points in plane T' are Cr 
(17,20) and Dy (23,26). The projection of CD on T is hence 
CrDr (27,28). From point O (29), at which this projection 
CrDr intersects AB, the required perpendicular to plane 7’ is 
erected (30,31); it intersects CD at M (32). 0’m, (83,37) is the 
true length of the common perpendicular. 


CuapTrer VI 


APPLICATIONS OF REVOLUTION IN MEASUREMENT 
OF PLANE FIGURES 


PRINCIPLE “D” 
REVOLUTION 


Angles—True shape of plane figures—Revolved positions. 

78. Problem 18. To revolve a given point, O, about a 
given horizontal line, AB, and find the points in which the 
path of O pierces; 

1. The horizontal plane through AB. 

2. Any vertical plane; e.g., V or P. 


Note: Like Problem 13, this problem may be stated more gen- 
erally as ‘‘ To revolve a given point about a given line which is 
parallel to a plane of projection and determine its projections 


Fra. 1(a). 


when it is in any desired position on the circle of revolution.” 

Again it is felt that the desired end of determining the true 

values of angles, true shapes of plane figures, and revolved 

positions can best be attained by stating the problem in simple 

and precise terms of easy connotation, that is, a “horizontal” 
96 
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line as an axis. The application of the method to lines parallel 
to V and P will be obvious. 


Analysis: 
The path of point O is a circle. 
The plane of the circular path is perpendicular to the line AB. 
The center C of the circle is the point in which AB pierces the 
plane of the circle. 
The radius is the distance from O to C. 


Fia. 1(b). 


The circular path of O will pierce planes H and V in points on 
the lines of intersection of the plane of the circle with H and V. 


Solution: 

If a plane, R, is passed*through point O perpendicular to line AB, 
Fig. 1(6), the center of the circular path is the point C, in which AB 
pierces R and the radius is the distance from O to C. ‘The circle will 
pierce H, V, and P in points on the lines of intersection of R with H, V, 
and P at a distance from C equal to the radius. 


Discussion: 

Since the axis of revolution is horizontal, it will be convenient 
to locate the H plane so as to contain the line. That is, GL will 
coincide with the V projection of the line. The plane of revolu- 
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tion, being perpendicular to the axis, will be perpendicular also to 
H. Since the axis lies in H, the point in which it pierces the plane 
of revolution, R, will be a point in H, and on the H trace of the 
plane. With its center in H, one half of the circle will lie above 
and the other half below H, with one diameter in the H trace of 
the plane, Fig. 2. 

The plane of revolution being thus an H projecting plane, all 
points on the circle will have their H projections in its Hf trace. 


Fia. 2. 


As the given point moves around the circle, its H projection moves 
along the H trace, always perpendicularly below or above the moving 
point; i.e., the H projection of the circle is a straight line equal 
to a diameter, and lying in the H trace of the plane. The V pro- 
jection of the circle will in general be an ellipse, but it will not be 
necessary to construct this ellipse for the solution of any problem. 
Instead, the plane of revolution will be revolved about its 
trace into H, in which position the circle will show in its true size 
and shape in the H projection, Fig. 3(a). The H projecting line 
of any point on the circle will, in this revolved position, fall per- 
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pendicular to the H trace at the H projection of the point. The 
length of this perpendicular, being the distance of the point above 
or below H on the original position of the circle, is equal to the 
distance of the V projection from GL. If the position of the 
axis and length of the radius are such that the circle in its original 
position pierces V and P, the revolved positions of these piercing 
points are found at the points in which the revolved circle inter- 
sects the revolved positions of the V and P traces. Since the 
plane is revolved about its H trace into H, this trace and the 


Fia. 3(a). 


points in which it is intersected by the circle remain in their 
original positions. 

Since the V and P traces of the plane of revolution are per- 
pendicular to its H trace at the points in which the H trace inter- 
sects GL and GL, respectively, Figs. 3(a) and 3(6), they will fall 
perpendicular to the H trace at these points when the plane is 
revolved into H. 

The plane in its original position passes through all four 
quadrants, the part in any quadrant being bounded by one of 
the four right angles formed by the intersection of the H and V 
traces. In the revolved position these four right angles are shown 
in their true size between the H trace and the revolved position 
of the V trace. The quadrant in which the given point lies is 
known, and every other point whose revolved position is in the 
same angle between the H and V traces must lie in that same 
quadrant. The quadrants which contained the other three right 
- angles may be determined by comparing their positions relative 
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to the H and V traces in the revolved position with that of the 
known quadrant in which the given point lies. Thus, if the given 
point is in the first quadrant, in the revolved positions all points 
on the same side of the V trace as the given point but on the 
opposite side of the H trace are in the fourth quadrant, etc. 


x 


G, 


Fia. 3(0). 


Construction: 


Given: Point O and horizontal line AB through which the 
H plane of projection is passed, Figs. 2, 3(a), and 3(6). 

Required: The points in which the circular path of O pierces 
the H plane and the two vertical planes V and P as it revolves 
about AB as an axis. 

Plane R is passed through O perpendicular to AB. Since AB 
lies in H, plane RF is vertical. Its H trace therefore passes through 
the H projection of O and is perpendicular to the H projection of 
AB (1). The V trace is vertical (3) and in space is also perpen- 
dicular to HR. In space the P trace is likewise perpendicular to 
HR at the point in which the latter intersects Gil,. But 
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since the solution is to be made in H and V projections, the 
usual P projection of the P trace will not be shown. 

By inspection, the center of revolution is on HR at C (2), its 
intersection with AB. 

Having determined the plane and center of revolution, the 
plane is rotated about its H trace into the H plane. In this rota- 
tion the given point may be made to fall on either side of the 
H trace. Oo, the H projecting line of O, is perpendicular to HR 
and remains so in the rotation of plane R into H. Point O there- 
fore falls at Oy on the revolved position of this perpendicular (3) 
and at a distance from HR equal to the distance of 0’ from GL. 
The radius of revolution is shown in its true length at cOg (4) 
and the circle is drawn in its true size and shape (6). The V 
and P traces fall at VRy and PRy (6,7) perpendicular to HR at 
the points in which HR intersects GL and G,L,. The revolved 
positions of the V and P piercing points of the circle are at Viz, 
Voy, and P,z, Poy, where the circle intersects these traces in the 
revolved positions. Since the plane was revolved about its H 
trace, that trace HR and the points H, and H, in which the circle 
intersects it remain in their original positions, as Hyy and Hoy. 

Having determined the six piercing points, on the revolved 
position of the circle, the H projection of each is in HR at the foot 
of the perpendicular from the point on the circle. The H pro- 
jections of H, and Hz coincide with Hi and Hoy, and since these 
are points in H their V projections h; and h; lie on GL (8,9). The 
H projections of the two points P coincide at p,p2 and of the 
two points V at v2. The V projections of these points are above 
or below GL at distances equal to the lengths of the respective 
perpendiculars. The question as to whether v; and p; should be 
above or below GL, however, must now be determined. 

Points which on the original position of the circle are above 
H will all have their revolved positions on the same side of HR 
as Oy, since O is given above H; points on the opposite side of 
HR are below H. Likewise, points having their revolved posi- 
tions on the same side of VRyz as Oy must be in front of V in 
their original positions; those on the opposite side are behind V. 
Thus it is determined that the portion of the circle in its revolved 
position between Viz and Ho, is in the first quadrant (10) because 
~ point O on that arc is a point which was given in the first quadrant. 
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Passing from this arc across the revolved V trace at Vin, the 
next are (11) must represent the portion of the circle in the 
second quadrant, since passing through V from the first quadrant 
brings one into the second. Continuing on the are across the H 
trace at Hz, the next arc (12) must be in the third quadrant, 
since passing from the second quadrant through H brings one 
into the third. Continuing through Voz, the next are (13) 
must be the fourth, since passing from the third quadrant 
through V brings one into the fourth. Point Viz and Piz thus 
represent points above H and Voy and P2y points below H; 
v, and p; are therefore above GL at distances equal to Vint 
and Pup; (14,15) and v3 and pz below GL equal distances (16,17). 
79. Problem 18: Example 1. To find the true length of a 
given line. (Method B.) (See Article 72 for Method A.) 


Analysis: 

The true length of a line can be determined if it can be revolved 
into a coordinate plane about a line in that plane. 

A line can be revolved into a coordinate plane about a line in 
that plane if the given line and the axis of revolution constitute 
a plane, i.e., if they intersect or are parallel. 

The projections of the line qualify as axes of revolution. 

The process of revolving a line into H about its H projection 
is that of revolving two points of the line about an axis in H 
and finding the points in which their paths pierce the H plane 
[Article 78]. 


Solution : 
If each of the two points defining a line be revolved about the H 


projection of the line until their paths pierce the H plane, the line joining 
these piercing points is the revolved position and true length of the line. 


Construction: 

Given: Line AB, Fig. 4(a). 

Required: True length of AB. 

Planes R and S are passed through points A and B perpen- 
dicular to the H projection ab. These planes are vertical and 
their H traces are perpendicular to ab (1,2). The centers of 
revolution are C; and Co. 

Point A is vertically above C; at a distance equal to the 
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distance of a’ above GL, and point B is vertically above C, at a 
distance equal to the distance of b’ above GL. The distances 
AC, and BC, are the radii of revolution, and the circles of 
revolution will pierce H in points A, and B, on the H traces 
HR and HS (6,6). 


Fia. 4(a). Fia. 4(b). 


Note. The above procedure, which is given in the terms 
used in Article 78 may be stated simply as the erecting of per- 
pendiculars to ab at a and 6 and measuring on them the distances 
which the corresponding V projections are from GL, Fig. 4(b). 

80. Problem 18: Example 2. To revolve a given point 
about a given line in H, into a position in a given quadrant at a 
given distance from H or V. 

Analysis: 

The path of rotation is a circle. 

The plane of the circular path is perpendicular to the line and 
hence is a vertical plane. 

The center of the circle is the point in which the line pierces 
the plane. 

The radius of the circle is the distance from the given point 
to the line. 

The H projections of all points on the circle are on the H trace 
of the plane. 
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Distances from H are measured as vertical ordinates of the 
circle, above or below the H trace. 

Distances from V are measured from the positions of the H 
projections on the H trace of R to GL. 


Solution (a): 

(Line in H and distance referred to H.) 

The plane of the circle of revolution passes through the given point 
perpendicular to the given line. The distance from the point to the 
line is the radius of the circle. The distances of the moving point 
from H are equal to the vertical ordinates of the circle at the various 
positions considered. 


Construction (a): 

Given: Horizontal line AB and point O, Fig. 5. 

Required: To revolve O about AB into a position 4 inch 
below the horizontal plane through AB. 


The horizontal plane through AB is indicated by extending 
a’b’ as the ground line (1). Plane R is passed through O perpen- 
dicular to AB (2,3). The center of the circle of revolution is 
C (4). Plane R is revolved about HR into H (6,7). The are of 
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the circle on which Oy is found lies in the second quadrant (8). 
The arcs lying in the other quadrants are as indicated (9,11 ue 
[Article 78]. Since plane R has been revolved into H about its 
H trace, the distances from any points on the circumference of 
the circle to HR represent the distances which the positions of 
these same points were from H before R was revolved, and these 
are indicated by the distances which the V projections of the 
points are above or below GL. To find the points of the circle, 
which are 3 inch below H, a perpendicular to HR, 3 inch long, 
and below HR, is erected (12) and through its extremity a line is 
drawn parallel to HR (13). This line intersects the circle at Oxy, 
the revolved position of one required point. The projections of 
Og are 0404 (14,16). 


Solution (6): 

(Line in H, but distance referred to V.) 

As a point is revolved about a line in H, its H projection lies always 
in the H trace of the plane of revolution, and the distances from the 
H projections of the moving point to GZ indicate the distances from 
the point to V. 


Construction (b): 

Given: Line AB and point O, Fig. 5. 

Required: To revolve O about AB into a position ? inch 
before V. 

Since the point is to be ? inch before V, its H projection will 
be 3 inch below GL; since it is in plane R, its H projection is on 
the H trace HR. A horizontal line is drawn 3 inch below GL 
(17,18) and extended until it intersects the H trace at 0,, the H 
projection of the required position. A perpendicular to HR at 
0, (19) intersects the circle at Oi, the revolved position of the 
required point. The V projection, 0;, is then found above GL a 
distance equal to 0,0, and on the perpendicular to GL through 
0; (20,21). Another possible position of point O would be in the 


fourth quadrant. 
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ROUTINE USE OF REVOLUTION 


PRINCIPLE ‘‘D” 


81. For the very practical reason that men prefer to employ 
repeatedly an efficient and easily remembered procedure in solv- 
ing similar problems, the author of this book will deliberately 
employ the method of rotating planes containing values to be 
determined about a horizontal line of that plane into the hori- 
zontal plane through the line. It is believed this practice has 
certain definite merits. A horizontal line can easily be assumed 


Kia. 6(¢). 


in any plane; its elevation or V projection is a horizontal line. 
The horizontal plane through this line may be regarded as the 
H plane of projection. The horizontal projection of the line then 
becomes the H trace of the plane to be revolved, and may be 
drawn and labeled as a plane trace for purposes of easy identifi- 
cation. The procedure of rotating a plane about its H trace into 
the H plane of projection consists of rotating one or more points 
of the plane about the H trace until their paths pierce the 
horizontal plane, Fig. 6(a). If O be one point on a line OM in 
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plane T, that line extended will pierce H in a point on HT. 
This point H is on the axis of rotation and does not change 
position; O, may hence be connected with H to secure the 
revolved position of OM, and M, secured by erecting a per- 
pendicular to HT through m until it intersects O,H. 

While the procedure suggested above can be employed to 
advantage in most problems, it should not be forgotten that the 
plane containing angles, plane figures, etc., can be revolved about 
a line parallel to V until the plane is parallel to V or about a line 
parallel to P until the plane is parallel to P. There are occasions 
when one of these procedures is preferable. 

82. Problem 19. To find the true value of the angle “xX” 
between two intersecting lines. 


Analysis: 

The process of measuring an angle is comparative, requiring 
the use of a protractor. 

The process of measurement can be accomplished only in some 
actual working plane, e.g., that of the drawing board. 

If the plane of an angle is rotated about any horizontal line 
in it until it is horizontal, the relation of the lines to each other, 
i.e., the angle between them, does not change. 


Solution: 

If the plane of the two intersecting 
lines is revolved about any horizontal 
line in it until it is horizontal, the re- 
volved angle will show in its true size, 
Fig. 6(0). 


Construction: 

Given: Intersecting lines AB and 
CD, Figs. 6(c) and 6(d). 

Required: Angle “X.” 

Plane 7 of AD and CD, Fig. 6(c), intersects H in the line HT 
(1,6). Any horizontal line AF is chosen in the plane of lines AB 
and CD, Fig. 6(d), and the H plane is passed through it (1,3). 

Plane 7 is revolved about HT into H (4,7) by the process of 
rotating point O about HT until its path pierces H at O,. 


Tia. 6(). 
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Points H and H of AB and CD, being on the axis of revolution 
HT, do not change position in the process of revolution. The 
lines AB and CD hence revolve into the positions O,h and O,h 
(8,9), [Article 81]. The true value of angle ‘‘X’’ then is hO,h 
because plane 7’ of the angle has been revolved into coincidence 
with a plane of projection. 

O- 


Fia. 6. 


83. Problem 19: Example 1. To find the projections of 
the bisector of the angle ‘‘X’’ between two intersecting lines. 


Discussion: 


This problem illustrates the very general problem of finding 
the projections of a point, line, or figure, lying in a plane, when 
its exact relative position is known. The construction is given in 
two forms, each of which is applicable under varying circum- 
stances and both of which are equally important. 
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Analysis: 


A line is determined by any two points on it. 

The bisectors of the projections of an angle are not in general 
the projections of the bisector of the angle. 

An angle can be bisected (graphically) only in its true value. 
The plane of the angle must therefore be revolved about any 
horizontal line in it into a horizontal position [Article 82}. 

Points on an axis of revolution do not change position. 

The vertex of the angle and the intersection of the bisector 
with the axis of revolution will determine the bisector of the angle. 

If the bisector does not intersect the axis of revolution in a 
convenient position an auxiliary line which does intersect the axis 
as well as the bisector and one side of the angle may be employed, 
determining first the projections of the auxiliary line and from 
them the projections of the bisector. 


Solution: 


If the plane of the given lines, Fig. 7(a), 
is revolved about any horizontal line in it 
into the horizontal plane through the line, 
the angle “X’’ will show in its true value 
and may be bisected. If any point of 
this bisector is revolved back into its true 
position, a line through this point and the 
vertex will be the required bisector. Fia. 7(a). 


Construction (a): 


Given: Lines AB and CD, Figs. 7(b) and 7(c). 

Required: Bisector of angle ‘‘X.”’ 

Plane 7 of lines AB and CD intersects the horizontal plane 
through GL in the horizontal line HT (1,4), Figs. 7(6) and 
7(c). When plane 7 is revolved about HT into this hori- 
zontal plane, point O falls at O, (6,8). The true value of angle “X”’ 
is hO,h and the revolved position of the bisector is O,h, (9,11). 
Point H, is on the axis of revolution and remains unchanged in 
the revolution. The projections of the bisector are therefore h,o 


and hjo’ (12,14). 
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Construction (6): 


Given: Lines AB and BC, Fig. 7(d). 

Required: Bisector of angle ‘X.”’ 

Plane 7 of AB and BC intersects the horizontal plane 
through GL in line HT (1,8). When the plane is revolved 
about HT into H, A,B,C, is the true value of angle “X” (9,14), 
and the revolved position of the bisector is B,D, (15). To 


lates 76, 


secure the projections of BD, the revolved position of any line 
AC in plane T (16) is drawn intersecting the revolved bisector 
at M,. The V and H projections of AC are also drawn (17,18) 
A line through M, perpendicular to HT intersects AC att & 
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(19). m’ is found on a’c’ (20). In this construction the line 
M,m constitutes the H trace of the vertical plane in which M 
revolves about H7. The projections of the bisector are then 
b’m’ and bm (21,22). 


Fia. 7(d). 


84. Problem 19: Example 2. To determine the true size 
and shape of a given plane figure. 


Analysis: See Analysis of Problem 19. 


Solution: 


If the plane of the figure is revolved about any horizontal line in it 
until it is horizontal, the figure will show in its true shape and size. 
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Construction: 

Given: Triangle MNS in the plane AOB, Fig. 8. 

Required: The true size of the triangle MNS. 

Any horizontal line AE is chosen in plane AOB (1,3). 
The horizontal plane through AZ is indicated by GL (1). Point 
M of the triangle is revolved into the horizontal plane about HT 
to the position M, (4,7). Since the two points H, and Hz in 


Fig. 8. 


which MS and MN intersect HT remain unchanged in the rev- 
olution, M,N, and M,S, may be drawn from M, through the 
points h; and hy to secure N, and S, (8,11). M,S,WN, is the re- 
volved position and true size of the triangle. 

85. Problem 19: Example 3. To determine the projections 
of a specified plane figure in a specified position in a given 
plane. 

Analysis: See Analysis of Problem 19. 
Solution: 

If the given plane is revolved about any horizontal line in it until 

it is horizontal, the specified pattern may be constructed in true shape 


and size in the specified position. The plane and pattern may then be 
counter-revolved to the given position. 
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Construction: 
Given: Plane AOB, Fig. 9. 
Required: The projections of a euperes lying in plane AOB, 


sides one inch, one side parallel to AO and 4 inch from AQ. The 
nearest corner is to be one inch from OQ. 


Fia. 9. 


Any horizontal line AF (1,3) is chosen in plane AOB. The 
horizontal plane through AE is indicated by GL. The intersec- 
- tion of AOB with this plane is then AH or HT. Point O is 
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revolved about HT into H at O, (4,7). O,a is the revolved posi- 
tion of line OA (8). M,N,S,T, is the revolved position of the 
square (9,15). The diagonal of the square S,M, (16,) intersects 
O,a at D, and aeath. Its H projection is then hd (17,18) and the 
H projections of M and S are at m and s (19,20). MN is given 
parallel to AO, hence mn is parallel to ao (21,22). The remaining 
corner, t, is determined by lines through m and s parallel to sn 
and mn (24,26). 

The V projection of the square is obtained by extending one 
of the sides of the H projection to intersect two of the lines of the 
plane AO and AE at F and H (26,28). The V projection of SN 
is thus s’n’ (29,31). m’ is on a parallel to a’o’ through n’ (32,33). 
t’ is the intersection of parallels to s’n’ and n’m’ (34,34). 

86. Problem 20. To pass a line through a given point 
making a given angle with a given line. 


Analysis: 


The process of measuring or constructing an angle is com- 
parative and must be conducted in a working plane. 

The plane of the given point and the given line must hence 
be made to coincide with a working plane. 

The process of making one plane coincide with another is that 
of revolution about their line of intersection, Principle D. 


Solution: 


If the plane of the given point and given line is revolved about a 
convenient horizontal line of the plane into the horizontal plane through 
this line, the specified angle may be constructed, the vertex determined, 
and counter-revolved to its true position, Fig. 10(a). 


Construction: 


Given: Point O and line AB, Fig. 10(6). 

Required: The projections of a line through O making an 
angle of 75 degrees with AB. 

The intersection of the plane T of AOB with a horizontal 
plane through A is HT (1,5). Points B and O fall at B, and Oss 
when OAB is revolved about HT into H (6,12). Line O,C, is 
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drawn, making the specified angle of 75 degrees with aB, (18). 
When point C is counter-revolved from position C,, its projections 


(0) 
Fria. 10. 


are found at c and c’ (14,15) and the projections of the required 
line are oc and o’c’ (16,17). 
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87. Problem 21. To revolve a given point about a given 
horizontal line through a given angle, “ X,” and find the projec- 
tions of the point in this position. 


Analysis: 

The path of rotation is a circle. 

The plane R of the circular path is perpendicular to the given 
line AB. 

The center C of the circle is the point in which AB pierces 
plane R. 

The radius of the circle is the distance from given point O to C. 

The specified angle of revolution is measured between the 
initial radius CO and another radius CQ}. 


Solution : 

The point revolves about the line in a circle whose radius equals the 
distance from the point to the given line, and whose plane is perpendicu- 
lar to the given line. The angle “‘X ”’ is the angle included between the 


radius through the given point and the radius through the required 
point of the circle. The projections of this second point of the circle 
are the projections of the required revolved position of O. 
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Construction: 


Given: Horizontal line AB and point O, Fig. 11. 

Required: To revolve O about AB through 90 degrees. 

A horizontal plane is passed through AB and it is indicated 
by extending a’b’ as a ground line. 

Plane Ff is passed through point O, perpendicular to AB (1,2). 
It intersects AB at point C (3). Plane R is then revolved about 
its H trace HR into H (4,7). The are (8) on which Oy is located 
is in the first quadrant because point O is given in that quadrant. 
The remaining arcs are in quadrants as shown (9,11). 

Point O is moved through the specified angle of 90 degrees 
from Oy to Ogy (12). This position is designated Oxy because it 
is in the part of the circle which passed through the fourth 
quadrant. The H and V projections of 04 are then 04,04 (13,15). 
Another possible position for point O is O, in the second quadrant 
(16). The H and V projections of the point in this position are 
03,02 (17,19). 

88. Problem 21: Example 1. To revolve a given point 
about a given line which is oblique to H, V, and P, through a 
given angle “X” and find the projections of the point in this 
position. 


Analysis: 
See Analysis of Problem 21. 


Solution: 
See Solution of Problem 21. 


Construction: 

Given: Line AB oblique to H and JV, and point O, Fig. 12. 

Required: To revolve O about AB through 90 degrees. 

A ground line (1) is assumed wherever desired. Plane RF is 
passed through point O, perpendicular to line AB (2,6), [Article 
56]. AB pierces plane R in point C (7,11), [Article 62]. Plane R 
is revolved about its H trace HR into H, by the process of rotating 
points O and C to positions O, and C, (12,17), giving the true 
relative positions of point O and center C in plane geometry. 
The circle of revolution in its revolved position in the H plane 

-is drawn with C, as a center and radius C,0, (18). 
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Radii C,0,, and C,02,, making 90 degrees with O,C,, give 
the required revolved positions of points O, and O, (19). The 
diameter 0;,, Oz, is extended to intersect HR at H. The H 
projection of the diameter O1,Os, is then drawn from hf through 


v/ 7 
a 7 
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c (20). The H projections of O, and O, are then 0; and 02 on he 
(21 and 26). The V projections are 0; (22,25) and 0, (26,30). 

89. Problem 22. To find the angle ‘‘X” which a given 
line makes with a given plane. 


Analysis (a), Fig. 13(a). 

The angle which a line makes with a plane is measured between 
the line and its projection on the plane. 

The projection of the line on the plane is determined by the 
piercing point of the line in the plane and the piercing point of a 
perpendicular to the plane from some point of the line. 

The value of the angle between the line and its projection will 
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be determined by revolving their plane about some horizontal 
line of it into coincidence with the H plane through that line. 


Solution (a): 
If the projection of the given line on the given plane is determined, 
Fig. 13(a), and the plane of these two lines is revolved about any hori- 


zontal line in it into the horizontal plane of this line, the true value of 
angle “X” is determined. 
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Construction (a-1): 


Given: Plane T and line MN, Fig. 13(6). 

Required: The angle ‘‘X ” which MN makes with plane 7’. 
The projection of point M on T is Mr (1,6). The projection 
- of point N on T is Nr (7,11). The projection of MN on T is 
hence M7N 7 (12,13) and the piercing point of MN in T is Pr (14). 


Fia. 13(c). 


The H trace of plane X of MN and its projection on T is 
HX (15,19). When point M is rotated about HX into H it falls 
at M, (20,23). MHz: and MHz show in their true relative posi- 
tions as M,hy and M,h3 (24,25). Pr is found at Pr, (26) and 
PrMr at Pr,Mr, (27). The true value of angle X is thus 
M,P7,M 7, (lines 25 and 27). 
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Construction (a-2): 


Given: Plane ABC and line MN, Fig. 13(c). 

Required: The angle ‘‘X”’ which MN makes with the plane 7 
(ABC). 

The directions of the H and V traces of plane 7’ (ABC) are 
ae (1,3) and f’e’ (4,6). The projection of MN on T is determined 
by passing a perpendicular to T through M (7,8) and by finding 
the points where MN and the perpendicular from M pierce T. 
The piercing point of MN in T is Pr, using H projecting plane X 
(9,13), [Article 62]. The piercing point of the perpendicular to 
T through M is Mz, using H projecting plane Z (14,16a). The 
projection of N on T is Nr (7a,8a) and the projection of MN on 
T is mpnr, myny (17,17a). The horizontal line PrD through Pr 
in plane MP;M, (18,20) is used as the axis of revolution to 
determine the value of angle ‘‘X.”’ dpr or HY (20) is the hori- 
zontal trace of this plane. Point M7, falls at M7, when revolved 
into H about HY (21,24), and M at M, (25,26). Point Pr, the 
vertex of angle ‘‘X,”’ is on the axis of revolution, hence does not 
change position. The true value of angle “X”’ which MN makes 
with T is thus M,P7M7, (27,28). 


Analysis (b): 

The given line, the perpendicular from one point of it to the 
plane, and the projection of the line on the plane form a right 
triangle in which the angle between the line and the perpendicular 
is the complement of the required angle. 

The value of the angle may thus be determined by rotating 
the plane of the given line and a perpendicular to the plane into 


a convenient horizontal plane without ye 
having determined the projection of the S 
line on the plane. = 


Solution (0): 

If through any point of the given line a 
perpendicular to the given plane is passed, 
Fig. 13(d), and the plane of these lines is Fia. 13(d). 
revolved about any horizontal line in it 
into the horizontal plane through it, the value of the angle is deter- 
mined. Its complement is the value of the required angle “X.” 
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Construction (b): 

Given: Plane ABC and line MN, Fig. 13(e). 

Required: The angle which MN makes with the plane T 
(ABC). 

The directions of the H and V traces of plane T (ABC) are 
ce (1,3) and a’f’ (4,6). A perpendicular to plane T is passed 
through point M (7,8). 

Any horizontal line KS is chosen in the plane of MN and the 
perpendicular through M to ABC (9,12). HX (12) is the H 
trace of KMS in the horizontal plane through KS. Point M 


("4 Fia. 13(e). 
falls at M, when the plane of KMS is revolved about HX into 
H (18,16). kM,s is the true value of the complement of the 
required angle. A perpendicular M,O, (19) to kM, is drawn 
through M,. Angle sM,0, is then the true value of the required 
angle which MN makes with plane ABC. 


90. Problem 22: Example 1. To find the angles 6 and $ 
which a given line makes with the H and V planes, respectively. 


Discussion : 
Angles 6 and ¢ are the angles which a line makes with its H 


and V projections. Methods A and B of finding the true length 
of a line will therefore obtain these angles. 
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Analysis: 

The angles which a line makes with H and V are measured 
between the line and its H and V projections respectively. 
Solution: 


Method A. If the given line is revolved about a projecting line 
(e.g., H) of any point of it until the line is parallel to V, Fig. 14(a), the 
angle @ is then projected upon the V plane in its true value. 


Fia. 14(a). 


Method B. If the line is revolved first about its H projection into H, 
Fig. 14(b), and about its V projection into V, the true value of the angles 
6 and ¢ will be determined. 


Construction: 

Given: Line AB, Figs. 14(c) and 14(d). 

Required: The angles @ and ¢, which AB makes with H 
and V. 

A. Point A is rotated about the H projecting line of B, Fig. 
14(c), until it is the same distance from V as is B (1,6). The true 
value of @ is then projected upon the V plane as b’aj,a’ (4,5). A 
is then rotated about the V projecting line of B until it is the same 
distance from H as is B (6,10). The true value of angle ¢ is then 
projected upon the H plane as ba,,a (9,10). 

B. A horizontal plane is assumed through point B (1), Fig. 
14(d). AB is then revolved about its V projection a’b’ into V 
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(d) 


(c) 


Fig. 14, 
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at A,B, (2,4). The true value of angle ¢ is then shown between 
A,B, (4) and the V projection a’b’.. AB is revolved about its 
H projection ab into H (5,6). The true value of the angle 6 is 
then shown between A,B, (6) and the H projection ab. 

91. Problem 22: Example 2. To pass a line through a 
given point making a given angle “‘X”’ with a given plane. 


Analysis: (Converse of Problem 22). 


The given angle may be measured between the required line 
and its projection on the given plane. 

The complement of the given angle will be measured between 
the required line and a perpendicular to the given plane through 
the given point. 

Any plane through the perpendicular from the given point to 
the given plane may serve as the plane of the angle and required 
line. 

If any such plane is revolved about any horizontal line in it 
into the horizontal plane through the line, the complementary 
angle and revolved position of the required line may be con- 
structed and counter-revolved to their true positions. 


Solution: 

If through the given point a line perpendicular to the given plane is 
passed, the required line may then be passed through the given point, 
making with the perpendicular an angle equal to the complement of the 
given angle [Article 86]. 


Construction (a): 

Given: Point O and plane 7’, Fig. 15(a). 

Required: A line through O making 45 degrees with plane 7’. 

OM is passed through point O perpendicular to plane T (1,3). 
Any other line ON is passed through O (4,6). The H trace HX of 
plane NOM passes through points A, and Hp, (7,9) and (10,12). 
When plane NOM (X) is revolved about HX (13) into H, point 
O falls at O, (14,17), and line OM at O,h, (18). The revolved 
position of the required line is then drawn at the angle of 90° = oe 
(45°) with O,hy (19). It intersects AX at hz. The projections 
-of the required line are therefore 0 h3 and ohg (21,22). 
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Fig. 15. 
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Construction (b): 


Given: Point O and plane T (ABC), Fig. 15(b). 
aaa A line through O making 45 degrees with plane 

The directions of the traces of plane ABC are ke (1,3) and 
a’g’ (4,6). The projections of the perpendicular through O to 
plane ABC are hence om (7) and o’m’ (8). Any other line ON 
is passed through point O (9, 10). Any horizontal line ME is 
selected in the plane of MON (11,13). HX (18) is the H trace 
of plane MON in the horizontal plane through ME. O falls at 
O, when revolved into the H plane about HX (14,17). The 
revolved position of the required line is drawn through O, at the 
angle 90° — X with mO, (18), intersecting HX at h. The projec- 
tions of the required line are oh and o/h’ (19,21). 

92. Problem 23. To find the angle ‘‘X” between two 
intersecting planes. 


Analysis (a): 

The angle between two planes R and S is measured between 
two lines, one in either plane and perpendicular to the line of 
intersection at the same point. 

The above two lines define a third plane, 7’, which is perpen- 
dicular to each of the given planes aid to their line of intersection 
at the vertex of the angle. 


Solution (a): 

If through any chosen point O on the line of intersection of the 
given planes F and S, Fig. 16(a), plane T is passed perpendicular to this 
line, the angle between the lines OC and OD cut by this plane from the 
given planes will be the required angle “ X.” 


Construction (a): 

Given: Planes S and R, Figs. 16(b) and 16(c). (See Fig. 17[c].) 

Required: Angle “X.”’ 

The projections of the line of intersection of planes S and R, 
Fig. 16(b), are v’h’ and vh (1,4). In Fig. 16(c), MN, the line of 
intersection of S and R is given. Plane T is passed through any 
point O on the line of intersection VH, Fig. 16(b), MN, Fig. 16(c), 
and perpendicular to it (5,8); its H trace is HT’ (8); the V trace 
is not required and is not drawn. Since the point O was chosen 
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on the line of intersection of the two planes, and the plane T 
passed through O, the lines cut from S and & by T meet at O; 
ohy and ohy (9,10) are then the H projections of the lines cut by 
T from S and R. Plane T is revolved about HT into H (11,13), 
and h,O,ho is the true value of the required angle “X”’ (14,14). 


Analysis (6): 

Lines drawn from any given point A in space, and perpen- 
dicular respectively to two given intersecting planes & and S, 
determine a third plane 7, perpendicular to both these given 


: 
iS 


\ 


\ 


Min ; 


Fia. 16. 


planes. The two perpendiculars through A, together with the 
lines cut from #& and S by the third plane 7’, form a quadrilateral 
two of whose angles are right angles and the remaining two ae 
supplementary. 

It follows, then, that lines passed through any chosen point 
and perpendicular respectively to two given intersecting ENC 
make with each other an angle equal to one of the two aries 
between the given planes and supplementary to the other. 


Solution (6): 


If through any chosen point in space two lines perpendicular respec- 
tively to the given planes are passed, Fig. 17(a), the angle between 
these lines will be the supplement of the required angle “X.” 
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Construction (b): 


Given: Planes S and R, Figs. 17(b) and 17(c). 

Required: Angle ‘“X.” 

Point A is assumed in any convenient position and through 
it AC is passed perpendicular to 8, and AD perpendicular to R 
(1,4). HT is the H trace of the plane of CAD (6,8). Plane T is 


ly vl | 
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revolved about HT into H (9,12). hA,h is the true value of 
CAD, the supplement of the required angle ‘‘X.”’ 

93. Problem 23: Example 1. To find the angle 8, 4, or 7 
of a given plane. 


Analysis: 
The angle 6 of a plane T is the angle which it makes with any 
horizontal plane. The angle ¢ is the angle which 7 makes with 
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V or with a plane parallel to V. And the angle 7 is the angle 
which 7 makes with P or with a plane parallel to P. 


ComsTeuc oe. BEGINS 
ATO’ $,6. ETC. 


Fia. 16(c). 


The angle 6 is measured between two lines, one in 7 and one 


in H, and each perpendicular to the interacetion of T and H and 
the same point. 
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Solution: 


If through any point on the H trace of the given plane, Fig. 18(a), 
or on the intersection of the given plane and any assumed horizontal 
plane, Fig. 18(b), a plane is passed perpendicular to the line, it will cut 
from the given and horizontal planes two lines which make with each 
other the required angle 0. 


Construction: 


Given: Planes 7, Figs. 18(a) and 18(b). 

Required: Angle @ of each plane 7’. 

Point O is assumed on the given H trace, Fig. 18(a), and on 
HT in any horizontal plane, Fig. 18(6). Planes X through these 
points intersect 7 and H in OF and OV, Fig. 18(a), and in OF 


Fia. 18(a). 


and OD, Fig. 18(b). The true value of the angle at O (6) is 
determined by rotating plane X about the vertical line through 
F until it is parallel to V. 

94. Problem 23: Example 2. Through a given line AC 
in a given plane R, to pass plane S, making a specified angle 
““X” with plane R. 
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Analysis: 

The given line is the intersection of the given and required 
planes. 

The specified angle is measured between two lines both per- 
pendicular to the given line at the same point. One of these lines 
lies in the given plane and the other in the required plane. 

These two lines define a plane perpendicular to the given line 
at any chosen point. 


Fia. 18(6). 


Solution : 


Through any point O of the given line AC in plane R, Fig. 19(a), 
plane T is passed perpendicular to AC. Line OE is the intersection of 
planes 7 and R. Line OD is constructed in plane T and makes the 


specified angle “X” with line OH. This line OD and the given line 
AC define the required plane S. 


Construction: 


Given: Plane F and line AC lying in plane R, Figs. 19(b) and 
19(c). 

Required: Plane through AC making 90 degrees with R, Fig. 
19(b); 60 degrees, Fig. 19(c). 
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Through any point O (1,2) on AC, plane T is passed per- 
pendicular to AC (3,6), [Article 56]; its H trace HT’ passes 
through h of the vertical and is perpendicular to ac. oh, is the 
H projection of the line of intersection of R and 7. After plane 


TE 


(b) Fia. 19, (c) 


T is revolved about HT into H (7,9), O falls at O, and h,O, 
(10) is the revolved position of the intersection of R and T. 
O,hg (11) is drawn through O,, making 90 degrees with O,hy 
(60 degrees for Fig. 19(c)). Since OH, is a line of plane T, its H 
piercing point lies on HT at the point hg; and ohg is the H pro- 
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jection of the required line OH2 of plane S, which measures with 
OH, of plane R the angle of 90 degrees; (60 degrees, Fig. 19(c)). 
The H trace (13) of the required plane, Fig. 19(b), then passes 
through hz of line OH2 and h of line AC. The V trace passes 
through v’ of AC (14). It should be understood that OH and AC 
likewise define the required plane S. In Fig. 19(c) plane S is 
defined by the given line AC and OH,D. The required plane is 
therefore DOC. 


PART II 


CuaptTer VII 
LINES AND SURFACES 


CLASSIFICATION OF LINES 


Circle 
Ellipse 
Parabola 
Hyperbola 


Straight 
(or Right) Coniecs 


Archimedean 
Logarithmic 
Hyperbolic 
Involute of a Circle 


: Spirals 
Lines Ficele 
Curved 


Sinusoid 
Trigonometric } Tangent 
Secant 
Curved Logarithmic 
Cycloid 
Trochoids Epicycloid 
Hypocycloid 


Double Cylindrical 
Curved Helices }Conical 
Spherical 


LINES 


95. A straight line has been defined in Article 23 as gen- 
erated by the motion of a point in a fixed direction. A curved 
line is generated by a point moving in a constantly changing 
direction. A line of single curvature, commonly called a plane 
curve, is a line all points of which lie in a plane. A line of 
double curvature, commonly called a space curve, is a line only 


three successive points of which lie in the same plane. 
135 
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PROJECTIONS OF CURVED LINES AND TANGENTS 


96. The projections of a curve are composed of the projections 
of the component points of the curve. If a sufficient number of 
the points of a curve are projected upon the H plane and a smooth 
curve is drawn through these projections, the resultant curve is 
the H projection of the given curve. (Compare Article 23.) If 


Fria. 1; 


through the V projections of the same or other points of a curve 
a smooth curve is drawn, this curve is the V projection of the 
given curve, Fig. 1(q). 

97. If the two projections of a curve are given, the curve is 
in general completely determined. For if from some point in one 


[Lee \\ 


Fia. 2. Fig. 3. 


projection of a curve a perpendicular to GL is drawn until it 
intersects the other projection of the curve, these two points are 
projections of a definite point in space, Fig. 1(b). 

98. If the plane of a curve of single curvature is perpendic- 
ular to H, Fig. 2, the projection of the curve on that plane is a 
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straight line coinciding with the H trace of the plane. In like 
manner the V projection of a curve may be a straight line. 

If the plane of the curve is perpendicular to GL, both the H 
and V projections of the curve are straight lines and perpen- 
dicular to GL. 

If the plane of a curve is parallel to either H or V, Fig. 3, its 
projection on that plane is an identical curve, the other projec- 
tion a straight line parallel to GL. 


TANGENTS AND NORMALS TO CURVES OF SINGLE CURVATURE 


99. A line which lies in the plane of a given curve and has 
two consecutive points in common with it is called a tangent to 
that curve, Fig. 1(a). A line lying in the plane of the curve and 
perpendicular to the tangent at one of these consecutive points of 
tangency is a normal of the curve. 

If two curves lie in the same plane and have two consecu- 
tive points in common, they are called tangent curves. 

100. If a straight line and a curve or two curved lines are 
tangent in space, their projections are tangent. For if H pro- 
jecting lines are passed through the several points of the two 
curves, the lines from the two common consecutive points coin- 
cide; the H projections of the curves therefore have two points 
in common and these points consecutive; the H projections of the 
given curves are hence tangent. The V projections are likewise 
tangent, and the projections of the consecutive points of tangency 
are the points of tangency of the projections, Fig. 1(6). 


SURFACES 


101. Surfaces in general are conceived as being generated 
by a line moving according to some law. They are called 
ruled surfaces if they can be generated by a straight line, and 
double curved surfaces if the moving line cannot be other than 
a curve. 

The moving line which generates the surface is called the 
generatrix. Any position of the generatrix is called an element 
of the surface. 
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CLASSIFICATION OF SURFACES 


Plane Cylinders 

Single Curved Cones 
Convolutes 
Hyperbolic Paraboloid 


Hyperboloid of Revolution 
of One Nappe 
Helicoid 
Warped Conoid 
General Forms 
3 Linear Directrices 
2 Linear Dir. and 
: a Plane Dir. 
Sphere 
Spheroid (Ellipsoid 
of Revolution) 


Ellipsoid Two Axes Equal 
General Form 
Three Axes Unequal 


Paraboloid Paraboloid of Revolution 
Elliptical Paraboloid 


Hyperboloid of Revolution 
Hyperboloid of of Two Nappes 
Two Nappes | Elliptical Hyperboloid 
Torus 


RULED SURFACES 


Prolate 
Oblate 


102. Ruled surfaces are generated by a straight line moving 
according to some law. 
a. Planes are generated by a straight line moving so as to 
touch another straight line and having all of its positions 


parallel, Fig. 4(a). 


b. Single curved surfaces, Figs. 4(b) and 4(c), are generated 
by a straight line, moving so that it constantly touches a given 
curve. Single curved surfaces are divided into three classes, 


which are: 
Cylinders. 


All positions of the generating line parallel. 


Fig. 4. 
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Cones. All positions of the generating line intersecting in a 
common pornt. 

Convolutes. All positions of the generating line tangent to 
a given space curve. 


CYLINDERS 


103. A cylinder may be generated by a straight line moving 
so that it is always parallel to its first position and constantly 
touches a given curve. If the cylinder is intersected by a plane, 
the curve of intersection may be considered the base of the 
cylinder. 

If we wish to consider a definite portion of the surface, 
Fig. 5, a second plane may be passed parallel to the first, inter- 
secting the cylinder in a second base, one being called the lower 


Yepee Base 
kigur SECTION 


ELEMENTS 
Lower BASE 


DIREC TRIX 
SECTION 


kignr CYLINDER Ostique CriuinDee | 
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base, the other the upper base. According to the direction 
of the axis, such bases might also be ‘‘front”? and ‘‘rear’’ or 
‘‘right’? and ‘‘ left.” 

The portion of the surface between these two bases is termed 
‘*the cylinder.”’ 

A line through the center of the base and parallel to the 
elements is termed the axis of the cylinder. 

A cylinder whose elements are perpendicular to the plane of 
the base is termed a right cylinder. 

A cylinder whose elements are oblique to the plane of the base 
is termed an oblique cylinder. 


A plane perpendicular to the elements of a cylinder intersects 
it in a right section. 


LINES AND SURFACES 141 


A cylinder is represented in general by the projection of a base, 
its axis and the limiting elements in each projection. 

The shape of the base and the relative position of the axis of a 
cylinder are usually indicated by designating it as a right- 
circular cylinder, oblique-elliptical, etc. 


PROJECTING CYLINDERS 


The # or V projecting cylinder of a given curve is a right 
cylinder whose elements are the H or V projecting lines of the 
given curve. The base, in H or V, of the projecting cylinder is 
the corresponding projection of the given curve. 

Any cylinder with elements perpendicular to H or V is 
commonly referred to as a projecting cylinder. Any and all 
curves lying in the surface of a projecting cylinder will have 
their corresponding projections coinciding in the curve of the 
base of the cylinder in H or V. 

104. Problem 24. To assume a point on the surface of a 
given cylinder. 


Analysis: 

A cylinder will be described orthogonally by at least one sec- 
tion or base, the axis, and the limiting or contour elements in 
each projection. 

A line through any point of the known section or base and 
parallel to the axis is an element of the cylinder. 

Any point on any position of the generating line is a point on 
the surface of the cylinder. 


Solution (a): 

An element of the cylinder may be assumed by passing through any 
point on the given base or section a line parallel to the given elements, 
or axis. Any point on this element is a point on the surface of the 
cylinder. 


Solution (b) : 

If one projection of a point is given, the corresponding projection of 
the element through this point may be drawn parallel to the axis. Since 
this element must intersect the curve of the base at a point in the plane 

of the base, the element and the point on the element are completely 
determined. 
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Construction: 

Given: The cylinders of Figs. 6(a) and 6(6). 

Required: The V projections of points @, and O2 whose H 
projections are assumed at 0102. 


Fia. 6. 


If point O, is a point on the surface of the cylinder, 0;m, (1), 
which is parallel to the contour elements, must be the H projec- 
tion of the element through O;, and M, is the point in which it 
intersects the base. The V projection of element O,M, passes 
through m; and parallel to the V projections of the contour ele- 
ments (2,3). The V projection of 0, is then at 0; (6). 


CONES 


105. A cone is generated by a straight line moving so that it 
constantly touches a given curve and passes through a fixed point 
not in the plane of the curve, Fig. 7. 

The given curve is called the directrix, the given point the 
apex, and the different positions of the generating line the 
elements of the cone. 

If a given plane intersects all the elements of the cone, the 
curve of intersection is called the base of the cone in that plane. 

The straight line joining the apex with the center of the base 
is called the axis of the cone. 
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A cone is called a right cone or an oblique cone, depending 
on whether the axis is perpendicular to or oblique to the plane 
_ of the base. 

The shape of the base and relative position of the axis of a 


Deecrex, 
SECTION, 
Base 


k1gHT CONe. OBLIQUE Cone. 


EG ce 


cone are usually indicated by designating it as right-circular, 
oblique-elliptical, etc. 

106. Problem 25. To assume a point on the surface of a 
given cone. 


Analysis: 

A cone is described orthogonally by at least one section or base, 
the axis, and the two contour elements in each projection. 

All positions of the generating line lie wholly on the surface 
of the cone. 

A line through any point of the known section or base and the 
intersection of two known elements, or apex, is an element. 

Any point on any position of the generating line lies on the 
surface of the cone. 


Solution: 

An element of the cone may be assumed by connecting any point of 
a known section or base with the apex. Any point of this element lies 
on the surface of the cone. 


Construction: 
Given: Cone with apex O and horizontal section, Fig. 8. 
Required: The H projections of two points whose V projec- 
tions are assumed as @a9. 
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If point A, is a point on the surface of the cone, oa; (1) is the 
V projection of the element through that point. The H projec- 
tion of this element is om, (2,3), and the H projection of A; is 
a, (4). The H projection of element OAz2 is om: (2,3), and the H 
projection of Ag is dz (4). 


THE § CONE; THE $ CONE; THE 7 CONE 


107. A 6 cone is a right circular cone whose axis is perpen- 
dicular to H and whose base angle is equal to the angle 6 of a line 
or plane, either given or required, Fig. 9. A? cone is a right 


LN 


Y 
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circular cone whose axis is perpendicular to V and whose base 
angle zs equal to the angle ¢ of a line or plane. 
Aw cone is a right circular cone whose axis is perpendicular 
to P and whose base angle is equal to the angle x of a line or plane. 
108. Problem 26. To determine the second projection of a 
line when given one projection and the angle 9, 4, or T. 


Analysis: 

The line is an element of a 6, ¢, or 7 cone whose base angle is 
equal to the given angle. 

The apex of the cone may be at any point of the line. 


The second point required to establish the line completely is 
the intersection of the element of the cone with the base. 
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Solution : 
If any point of the line is made the apex of a @ cone, the line becomes 
an element of that cone, and its intersection with any base is the second 


point required to define the line and determine the direction of the 
required projection. 


Construction: 
Given: V projection of line AB and 6 = 45 degrees, Fig. 10(a). 
Required: H projection of AB. 
Any point O on AB is chosen as the apex of the @ cone; the 
H projection of O may be at any distance above or below GL on 
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the perpendicular from 0’ to GL (1,2). The V projection of the 
6 cone is the isosceles triangle whose vertex is 0’, base angles 45 
degrees (3,5), and the H projection is the circle whose center is 0 
and whose diameter is equal to the base of the triangle (6,7). 
Since the line is an element of this cone, the V projection of 
the point in which the element AB intersects the base of the 
cone is at c’, where a’b’ intersects the base of the triangle ; its H 
projection is at c, and the H projection of AB is determined (8,10). 
If the angle ¢ or 7 is given, the ¢ or 7 cone must be used 
instead of the @ cone. Figure 10(b) illustrates the construction 


when 7 is given instead of 0. 
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DOUBLE CURVED SURFACES 


109. Double curved surfaces are generated by curves of 
single curvature moving according to some law. 


SURFACES OF REVOLUTION. 


PROLATE 
SPHEBE ELLIPSOID 
A 
A 
a 3 


a 
OBLATE 
ELLIPSOID 


(a) (b) (c) 


A double curved surface of revolution may be generated by 
revolving a given curve about a given straight line as an axis, 
Figs. 11(a-d). The plane of the given curve may or may not 
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contain the axis of revolution. If it contains the axis, then a 
plane through the axis intersects the surface in a curve identical 
with the generating curve. 

If a circle is revolved about one of its diameters as an axis, the 
surface generated will be a sphere, Fig. 11(a). 

If a circle is revolved about a line in the plane of the circle 
but not intersecting the circle, the surface generated is called a 
torus, Fig. 11(d). 

If an ellipse is revolved about its major axis, the surface 


Fig. 12. 


generated will be a prolate spheroid. If revolved about the 
minor axis, the surface will be an oblate spheroid, Figs. 11(6) 
and (c). 

110. Problem 27. To assume a point on a surface of 
revolution. 


Analysis: 

A surface of revolution is produced by the rotation of one 
line, straight or curved, about a straight line as an axis. 

Each point of the generating line describes a circle whose cen- 
ter is on, and whose plane is perpendicular to, the axis. 
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Any plane perpendicular to the axis will intersect the surface, 
if at all, in a circle. 

Any point of the above circle is a point on the surface of 
revolution. 


Solution : 

If one projection of the point is assumed within the limits of either 
projection of the surface of revolution and a plane is passed through 
this point perpendicular to the axis of revolution, the projections of the 
point will lie on the respective projections of the circle cut from the 
surface by this plane. 


Construction: 

Given: The projections of a sphere with center at O, Fig. 12. 

Required: The projections of two points on the upper portion 
of the surface. 

All the sphere above the horizontal plane W (1) constitutes 
the upper portion of the surface. 

Point aja; is chosen above VW as the V projections of two 
points A; and As. The horizontal plane X is passed through 
these points, cutting from the surface a horizontal circle (2,4). 
The H projection of points A; and Ag are then at aq and ay 
respectively (6). 


CuapTer VIII 


TANGENT PLANES 


DEFINITIONS 


111. A line, AB, Figs. 1(a) and 1(b), is tangent to a surface 
at a given point uf it 1s tangent to any line on the surface at that 
point. 

The projections of a line which is tangent to a curve are tangent 
to the respective projections of the curve [Article 100]. 

A plane, T, Figs. 1(a) and (b), tangent to a surface at a given 
point is the locus of all right lines tangent to the surface at that point. 


If a plane, T, is tangent to a surface at a given point, then any 
other plane, S, passed through this point cuts a straight line, AB, 
from the tangent plane and a line from the surface such that these 
two lines are tangent at the given point, O, Figs. 1(a) and (6). 


PLANES TANGENT TO SINGLE CURVED SURFACES 


112. Problem 28. To pass a plane through a given point 


_ on a given cone or cylinder and tangent to the surface. 
149 
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Analysis: 

A plane is defined by any two lines in it. 

A plane which is tangent to the surface of a cone or cylinder 
contains one of the elements of the surface. This line is one of the 
two required to define the plane. 

A line tangent to the surface at any point of the line of 
tangency is the second line required to define the plane. 

A line is tangent to a surface if it is tangent to any line on the 
surface [Article 111]. The second required line above must there- 
fore pass through some point of the line of tangency and be tan- 
gent to some convenient curve of the surface through that same 
point. 


Solution: 
The element of the surface through the given point, Fig. 2(a), pro- 
vides one line for the definition of the plane. The line tangent to the 


x 
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curve of the base through the point of intersection of the element with 
the base is a second line. The required plane is defined by the tangent 
and the element. 


Construction: 


Given: Cone X and the V projections 0; and 0; of two points 
on the cone, Figs. 2(b) and 2(c). (Base in V projecting plane. ) 

Required: Planes through points 0, and QO, tangent to cone. 

The V projections of the elements XO, and XO, are drawn 
through 0,0; and zx’ and extended until they intersect the V pro- 
jection of the base at pips (1); p; and p, are the V projections of 


TANGENT PLANES 151 


the two points in which the elements pierce the plane of the base. 
Their H projections are at p, and po and the H projections of the 
elements are p,x and pox (2,4). 

The lines tangent to the base at P, and P, are P,A and PB 
(6,9). The required planes R and S are then defined by lines 
XP,, P,A and XP, P2B, respectively. 

The traces of plane R, Fig. 2(b), are HR (10,14) and VR 
(15,18). 


Fia. 2. 


113. Problem 29. To pass a plane tangent to the surface 
of a given cone or cylinder through a given point in space. 


Analysis: 

A plane tangent to the surface of a cone must pass through 
the apex. The line through the apex and the given point is there- 
fore one line of the required plane. 

If the above line is extended to pierce the plane of any section 
or base of the cone, the line from this piercing point and tangent 
to the section is tangent to the cone [Article 111] and is a second 
line of the required plane. 
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Solution: 

A straight line through the given point and the apex of the cone, 
Fig. 3(a), is one line of the required plane. If this line is extended until 
it pierces the plane of a section of the cone and through this piercing 
point a line is passed tangent to the section, this tangent line and the 


Fia. 3(a). 


line through the given point determine the required plane. The element 
through the point of tangency of the second line to the curve of the base 
is the element of tangency and must also lie in the tangent plane. 


Construction (a): 

Given: Cone X and point O, Figs. 3(b) and 3(c). 

Required: Plane through point O tangent to cone X. 

A straight line is passed through O and X. It pierces the 
plane of the base at P (1,3). The line PC is passed through P 
tangent to the base of the cone (4,5). The required plane T is 
defined by the lines PX and PC. 

The traces of the tangent plane, Fig. 3(b), are HT and VT 
(GL): : 

Note: If the given surface is a cylinder, the above analysis 
applies equally to it since a cylinder may be considered a cone 
with its apex infinitely distant from the base. The line through 
the given point is then parallel to the elements of the cylinder. 


Construction (b): 


Given: Point O, and point X which is the apex of a cone of 


circular base lying in the plane of and passing through the three 
points A, B, and D, Fig. 3(d). 
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Required: A plane tangent to cone X and passing through 
point O. 

A line is drawn through points X and O (1,2). Its piercing 
point in the plane of ABD is P (3,6). A horizontal line, AZ, is 
chosen in ABD (7,9), and ABD is revolved about AE into a 
horizontal position A,B,D, (10,17). The circle is then drawn 
through A,, B,, and D, (18,20). A line is drawn from P through 
B to intersect HX at H (21). The revolved position of this line 
is hB,P, (22,23). The revolved position of the tangent PC is 
then drawn from P, tangent to the circle at C, (24). The H pro- 
jection of PC is pe (25,26) and the V projection, p’c’ (27,29). 
The required plane is XPC. 

114. Problem 30. To pass a plane tangent to a given cone 
and parallel to a given line. 


Analysis: 

The required plane must pass through the apex of the cone in 
order to be tangent to the cone. 

The plane must contain a line parallel to the given line in order 
to be parallel to the line. 

One of the two lines required to define the plane must there- 
fore be a line through the apex and parallel to the given line. 

The second line must pass through some point of this auxiliary 
line and be tangent to the surface of the cone [Article 111]. 


Solution: 


; A straight line through the apex of the cone parallel to the given line, 
Fig. 4(a), is one line of the required plane. If this line is extended until 
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it pierces the plane of a section or base of the cone, a straight line 
through this piercing point tangent to the section is tangent to the cone 
and is a second line of the required plane. The required plane is then 
defined by this tangent line and the line passed through the apex. The 
element through the point of tangency of the second line to the curve of 
the base is the element of tangency and must also lie in the tangent plane. 


Construction (a): 
Given: Cone X and line AB, Figs. 4(b) and 4(c). 
Required: Plane tangent to cone and parallel to AB. 
The line XP through the apex X parallel to the given line AB 


Fria. 4(c). 


pierces the plane of the base of the cone at P (1,3). The line PC 

is passed through P tangent to the base of the cone at C (4,6). 

The required plane 7' is defined by the two lines PX and PC. 
The traces of plane 7’, Fig. 4(b), are HT and VT (6,9). 


Construction (b): 
Given: Cone with apex X as of Fig. 3(d), and any line parallel 
to XO. 
Required: A plane tangent to the cone and parallel to the line. 
The construction (b), Fig. 3(d), for the cone and a point, 0, 
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applies entirely to the above problem. That is, a line passed 
through X parallel to the given line, Fig. 3(d),is XO. The plane 
XPC is then the required plane. 

115. Problem 30: Example 1. To pass a plane tangent to 
a given cylinder and parallel to a given line. 


Analysis: 

The given line and a line through any point of it and parallel 
to the elements of the cylinder define a plane parallel to the re- 
quired plane. 

The above plane and the required plane will intersect the plane 
of any section or base of the cylinder in parallel lines. 

A line tangent to the base and parallel to the intersection of 
the auxiliary plane with the plane of the base is one line of the 
required plane. 

The above tangent line and the element of the cylinder through 
the point of tangency define the required plane. 


Solution: 


If through any point of the given line, Fig. 5(a), a line parallel to the 
elements of the cylinder is passed, the plane of these two lines is parallel 
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to the required plane. A line tangent to the base of the cylinder and 
parallel to the line of intersection of the plane just defined with the plane 
of the base is one line of the required plane. The element through the 
point of tangency is another. The required plane is defined by these 
two intersecting lines. 


Construction: 


Given: Oblique cylinder and line AB, Fig. 5(b). 
Required: A plane tangent to the cylinder and parallel to AB. 
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Line AC is drawn through point A parallel to the elements of 
the cylinder (1,2), defining a plane CAB parallel to the required 
plane. Lines AC and AB pierce the plane of the base of the 
cylinder at points P; and P, (3,6), giving the line P,P, as the 
intersection of plane CAB with plane T of the section of the 
cylinder. A tangent DE (7,9) is drawn to the section and parallel 
to P;P:. Element DF (10,12) then completes the required tan- 
gent plane PDE parallel to AB. 


F 1a. 5(b). 


116. Problem 30: Example 2. To pass a plane through a 
given line and making a specified angle with a given plane. 


Analysis: 

One additional line intersecting or parallel to the given line is 
required to define the required plane. 

The required plane will be tangent to a 0, ¢, 7, or x cone 
whose apex is on the given line. The element of tangency is the 
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additional line required to define the plane. (Note: The angle 
6, ¢, 7, or X of the plane cannot be less than that of the line.) 


Solution (Given @): 


O, any point of the given line, Fig. 6(a), is made the apex of a right 
circular cone whose axis is vertical and base angle equal to the given 
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angle @. The line drawn from the point in which the given line pierces 
the plane of the base of the cone tangent to the base, will determine 
a point on the element of tangency. The given line and the tangent to 
the base, or the given line and the element of the cone, will determine 
the required plane. 


Construction: 


Given: Line AB and @ equal to 60 degrees, Figs. 6(6) and 
6(c). 
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Required: Plane T through AB with @ equal to 60 degrees. 

Any point O is selected on AB as the apex of the 6 cone (2): 
The @ cone is constructed with its elements of any convenient 
length (4,5), Fig. 6(6)—(4,7), Fig. 6(c). The plane of the base 
of the cone may be regarded as H, hence the V projection of the 
base lies in GZ. AB pierces the plane of the base of the cone in 
point H,,(6,8), Fig. 6(b)—(8), Fig. 6(c). The tangent from H to 
the base of the cone is H;H» (9,10) and the element of tangency 
is OH, (11,12). Points OH,H»2 and the lines which connect them 
then define the required plane T. The traces of plane T in Fig. 
6(b) are HT, VT (9 and 13). 


PLANES TANGENT TO DOUBLE CURVED SURFACES 


117. Problem 31. Through a given point on a given double 
curved surface of revolution to pass a plane tangent to the surface. 


Analysis: 

The plane will be defined by two lines tangent to the surface 
and intersecting at the given point of tangency [Article 111]. 

A plane through the given point and perpendicular to the axis 
of revolution will intersect the surface in a circle. A tangent to 
this circle is tangent to the surface [Article 111]. 

A right circular cone can always be constructed with its apex 
on the axis of revolution and tangent to the surface of revolution 
on any circle cut from it by a plane perpendicular to the axis. 
All elements of such a cone are tangent to the surface at points 
on the circle. 


Solution : 


If a plane is passed through the given point, Fig. 7(a), perpendicular 
to the axis of revolution, it will intersect the surface in a circle. The 
tangent to this circle at the given point is one of the required lines. If 
then a right circular cone is constructed with its apex on the axis of 
revolution and tangent to the surface on the above circle, the element 
through the given point is the second line required to define the tangent 


plane. 
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Construction: 
Given: Spheroid and point P on spheroid, Figs. 7(6). 
Required: Plane through P tangent to spheroid. 


Ye 
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Plane S through point P perpendicular to the axis of revolu- 

tion intersects the surface in a circle whose V projection is the 
a, te ORs 

chord 0’o’ and whose H projection is the circle with its center at 


TANGENT PLANES 161 


c and diameter equal to 0’o’ (1,4). The line PA is passed through 
P tangent to this circle (6,8). A right circular cone is constructed 
with its apex X on the axis of revolution, and tangent to the 
spheroid along the circle cut from the surface by plane S (9,10). 
Its V projection, Fig. 6(6), is the isosceles triangle x’o’o’, the sides 
x’o’ and x’o’ being tangent to the ellipse at 0’ and 0’; the H pro- 
jection is the circle opo. Since all the elements of this cone are 
tangent to the spheroid, the element XP (6,11) is the second of 
the two required tangent lines. The required plane T is defined 
by the tangent lines PA and PX, Fig. 7(6). 
The traces of plane T, Fig. 7(c), are HT and VT (12,14). 


118. Problem 31: Example 1. Through a given point on a 
given sphere to pass a plane tangent to the sphere. 


Analysis: 

The analysis presented for passing a plane tangent to a surface 
of revolution [Article 117] applies for the sphere. 

An additional fact of importance in the case of the sphere is 
that the radius of the sphere passing through its point of tan- 
gency with a plane is perpendicular to the plane. 


Solution: 
If a plane is passed through the given point, Fig. 8(a), perpendicular 


to the radius of the sphere to that point, it will be tangent to the 
sphere. 


Construction: 


Given: Sphere O and point P on the surface, Fig. 8(6). 

Required: Plane through P tangent to the sphere. 

The V projection p’ of point P is given. The H projection is 
determined by passing through P a horizontal plane S (1), which 
intersects the sphere in a circle whose V projection is c’c’ and H 
projection a circle with center at o and diameter equal to c’c’ (2,4). 
Since point P lies on this circle, its H projection is at p (5). OP 
(6,7) is the desired radius of the sphere. The required plane 7 
passes through point P perpendicular to radius OP and is defined 
by the horizontal AP (8,9) and the vertical BP (10,12). ‘The plane 
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is defined also by AP and PX (13,16) as in the case of the ellipsoid 


of revolution, Fig. 7(b). 
The traces of plane 7, Fig. 8(c), are HT and VT (11,12). 


CHAPTER IX 
INTERSECTION OF SURFACES 


119. The line of intersection of any two surfaces is the locus 
of all points common to the surfaces. 

If a line on one surface intersects a line on another surface, 
their intersection is a point common to the two surfaces. 

If two intersecting surfaces are cut by a plane, the lines cut 
from them may intersect, since they lie in a common plane. If 
these lines, one on each surface, do intersect, their points of 
intersection are common to the two given surfaces. 
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A simple and generally used method of determining the inter- 
section of surfaces involves the passing of planes in such a manner 
as to intersect the surfaces in lines which project on the coor- 
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dinate planes either as straight lines or circles. In applying this 
method the following facts of solid geometry should be re- 
membered, Figs. 1(a-e). 

a. Secant planes passing through the apex of a cone intersect 
the surface in elements. 

b. Secant planes parallel to the axis of a cylinder intersect the 
surface in elements. 

c. Secant planes parallel to the base of a cone or cylinder 
intersect the surface in curves similar to or equal to the base. 

d. Secant planes perpendicular to the axis of a surface of 
revolution intersect that surface in one or more circles. 

e. Planes through the axis of a surface of revolution, known 
as meridian planes, intersect the surface in meridian lines. All 
meridian lines of a surface are equal. The surface may be gen- 
erated by revolution of a meridian line. The projection of the 
surface on a plane parallel to the axis is equal to a meridian 
line. 


VISIBILITY 


120. The various surfaces treated in descriptive geometry 
are considered opaque. In describing solids on the coordinate 
planes there is thus a need for conventional methods to designate 
what is on the side toward the observer and hence visible, and 
what on the side away from the observer and therefore invisible. 
Points on the surfaces of the various solids may be visible in 
some views and invisible in others. There arises therefore the 
need for a method of determining if a point is on the side toward 
or on the side away from the observer for each view. 

When two surfaces are involved in the same problem, points or 
lines may be on the near side of one surface but concealed wholly 
or in part by the other. The unseen part of any such line should 
be so designated by the proper convention, which is a broken 
line. 

In determining which portions of a line of intersection should 
be represented as visible and which invisible in the V projection, 
reference to the H projection must generally be made: that is, it 
is easier to determine from the H projection which part of a line 
is on the front and which on the back of a given surface. For 
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example: The ellipsoid, Fig. 2, is intersected by plane 7 in the 
line CFDE. A part of this line is described as visible and the re- 
mainder as znviszble in the V projection. Since the axis of the 
ellipsoid is vertical, all the surface before the median plane X is 
visible in the V projection. That is, plane X intersects the ellip- 
soid in the curve which is the contour curve on the V plane 
hence the projections of the points where a line on the surface pisses 
from the visible to the invisible must be on the contour of that pro- 
jection. Therefore the V projection of the line must change in 
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Benmvo X 
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visibility where it touches the contour. In ths case the line is 
tangent to the V contour at points e’ and f’. So e’d’f’ is visible 
because D is before the median plane X; and e’c’f’ is invisible 
because C is behind X. 

In similar fashion, median plane Y cuts the H contour curve 
from the ellipsoid. Visibility will change at the tangent points c 
and d, and the portion of the line CFDF above Y is hence visible 
on H while that below it is invisible. Point F is above Y, hence 
cfd is visible and ced is invisible. 

In dealing with ruled surfaces, the determination of visibility 
of points can best be accomplished by determining the visibility 
of the elements on which the points lie. If a point on the inter- 
section of two surfaces is on elements both of which are visible 
from the front, this point is visible in the V projection. If, on the 
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other hand, either of the two elements passing through a certain 
point is seen to be invisible, the point is then invisible in that 


projection. 
INTERSECTION OF PLANES AND SINGLE CURVED SURFACES 


121. Problem 32. To find the line of intersection of a 
given plane with a given cone or cylinder. 


Analysis: 

The intersection of a plane with a cone or cylinder is defined 
by a series of points common to the plane and the surface of the 
cone or cylinder. 

Points are derived as the intersections of lines, which in turn 
define planes. 

Points will hence be derived at the desired intervals to define 
the required line of intersection by passing a series of auxiliary 
planes such that they will intersect the given plane and cone or 
cylinder in straight lines. The intersections of each such set of 
lines will be points of the required line of intersection. 

xX 


Fia. 3(a). 


Solution : 

Elements of the cone or cylinder, Fig. 3(a), pierce the given plane 7 
In points common to both surfaces, hence on their line of intersection. 
The line through these points is the required line of intersection. 
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Construction: 

Given: Cone or cylinder and plane T, Figs. 3(b,c,d). 

Required: The line of intersection. 

The point in which an element of the cone or cylinder pierces ‘ 
the given plane 7 will be found by passing an H or V projecting 
plane through the element, finding the line of intersection of the 


Fia. 3(b). 


projecting plane and plane 7’, and determining the point in which 
this line intersects the element [Article 62]. The projecting 
plane of any element will, in general, cut a second element from 
the opposite side of the surface whose piercing point in plane 7 
will provide a second point on the required line of intersection. 
Thus, an economical procedure in construction will be to assume 
a number of projecting planes at somewhat uniform intervals 
throughout the range between the outline or contour elements in 
either view, and to find the piercing points in plane 7 of both 
the elements lying in each projecting plane. In this fashion the 
resulting points will be more or less uniformly distributed around 
the required intersection. In particular, the piercing points 
of the four contour elements should be found, as these are the 
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points at which the visibility of the line of intersection will 
change in either view [Article 120]. 

Projecting plane R intersects the cone or cylinder, Figs. 3 (6), 
(c), (d), in elements through points £, and EF, (1,4), and in- 
tersects plane 7’ in the line DF (5,7). Since these two elements 
and line DF lie in plane R, they intersect at two points, M and 
N (8,9), on the required line of intersection. 

Note: In each of the figures in this chapter, only one auxili- 
ary plane is passed, and the points found by the elements it 


Fia. 3(c); 


contains are indicated. The complete construction involves 
simply a repetition of the same operation with other planes. 
122. Problem 32: Example 1. To find the points in which 


a given straight line or plane curve pierces the surface of a given 
cone or cylinder. 


Solution: 


If through the given line a plane is passed and its intersection with 
the given surface determined, the intersections of the given line with 
this line of intersection will be the required piercing points. 
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Construction: 


In finding the piercing points of a straight line in a given 
cylinder, usually the construction will be simplified by using the 
H or V projecting plane of the given line, or by passing a plane 


Fia. 3(d). 


through the line and parallel to the axis of the cylinder, cutting 
elements from the surface. Or, if the given surface is a cone, a 
plane passed through the given straight line and the apex of the 
cone will cut elements from the surface. 

123. Problem 32: Example 2. To determine a line in a 
given plane making a given angle X, 0, >, or w, with T, H, V, or P. 
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Analysis: 

The maximum angle which a line in a given plane, S, may 
make with another plane, 7 or H, 
is the angle which the planes make 
with each other. The minimum 
angle is zero. 

A line of a plane, S, which 
makes with plane TJ or H a given 
angle X or 6, may be regarded as 
an element of an X or @ cone 

p whose apex is in plane S. 

The line in question is thus the 
intersection of the given plane S 
and an X or @ cone whose apex is 


Fig. 4(@). any desired point of plane S. 
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Solution: 


If a point A of plane S, Fig. 4(a), is made the apex of a 0 cone, the 
two elements of intersection of plane S and the cone will make with H 
the given angle @. 


Construction: 

Given: Plane S, Figs. 4(b) and 4(c). 

Required: A line in plane S, making an angle of 45 degrees 
with H. 

Any point A in plane S is made the apex of a @ cone with 
base angle of 45 degrees and with base resting in H (1,8). Plane 
S intersects the cone in elements AH, and AH 2 (9,14) which are 
the required lines. 

In Fig. 4(c), H is assumed wherever convenient (1) and the 
H trace of S is determined in this plane (2,4). 


INTERSECTION OF PLANES AND DOUBLE CURVED SURFACES 


124. Problem 33. To find the line of intersection of a 
given plane and a given double-curved surface of revolution. 


Analysis: 

The intersection of the plane and the surface of revolution is 
defined by a series of points common to the plane and the surface. 

Points for this purpose are derived as intersections of coplanar 
lines. 

Points will be derived at the desired interval to define the 
required line of intersection by passing a series of auxiliary planes 
such that they will intersect the given surface in circles (i.e., per- 
pendicular to the axis of revolution) and the given plane in straight 
lines. The intersection of each such circle and corresponding 
straight line provides two points on the required line of inter- 
section. 


Solution: 

Planes perpendicular to the axis of the surface intersect the surface 
in circles and the given plane in straight lines, Fig. 5(a). The points of 
intersection of these straight lines and circles are common to the surface 
- and the given plane, hence are points of the required line of inter- 
section. 
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Fia. 5(a). 


Fra. 5(). 
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Construction: 
Given: Ellipsoid of revolution and plane T (ABC), Fig. 5(b). 
Required: The line of intersection. 
Plane W, perpendicular to the axis, intersects the plane T in 
a line (1,4) and the ellipsoid in a circle (5,7), which in turn inter- 
sect in points E and F (8,9) of the required line. Plane X , also 
perpendicular to the axis, intersects the plane in a line (10,13) 


Fia. 5(c). 


and the ellipsoid in a circle (14,16), which in turn intersect in 
points G and H (17,18) of the required line. Additional planes 
perpendicular to the axis of revolution each provide two points of 
the required line until the entire line is satisfactorily defined as 
shown. j cates i 

The points at which the respective projections of the line of 
intersection touch the contour curves are the points of division 
between the visible and invisible portions of the line. Auxiliary 
- planes should be used deliberately to determine these points; that 
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is, two planes which will intersect the surfaces in the contour 
curves, as Y (VY), and Z (HZ), Fig. 5(c). 

125. Problem 33: Example 1. To find the points in which 
a given straight line or plane curve pierces a surface of revolu- 
tion. 


Solution: 

If the intersection of any plane through the line, or the plane of the 
curve, and the given surface is determined, the intersections of the given 
line with this line of intersection are the required piercing points. 


INTERSECTIONS OF SINGLE CURVED SURFACES 


126. Under this classification there may be included the com- 
bination of cone with cone, cone with cylinder, and cylinder with 
cylinder. In any case, the method usually employed is to pass a 
series of auxiliary planes in such a manner as to intersect the 
surfaces in elements. This procedure requires, then, that each 
auxiliary plane contain the apex of the cone and be parallel to the 
elements of the cylinder, if both are involved; with two cones, 
each plane must contain the apexes of both; in the case of two 
cylinders, the planes must be parallel to the elements of both 
cylinders. 


NUMBER OF CURVES OF INTERSECTION 


127. Two surfaces may intersect in such ways, Figs. 6, 7, 
and 8, as to give either one or two closed curves. The shapes 
of the curves will depend of course upon the nature of the in- 
tersecting surfaces and upon their directional relations and their™ 
locations with respect to each other. A prime consideration 
always is the number of curves of intersection and, if there are 
two, whether they have acommon point. These qualities need to 
be determined as promptly as possible. 

The very process of determining points of the curve or curves 
through the use of common secant planes serves to determine 
the number and nature of the curves. If, for example, it is deter- 
mined that two planes, Y and Z, passing through the apex of the 
cone and tangent to the cylinder on opposite sides, intersect the 
cone in two elements each, the arrangement must be that of 
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Fig. 6, where there are two separate curves. If one of the two 
planes through the apex and tangent to the two sides of the 
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cylinder is tangent to the cone also, the arrangement is that of 
Fig. 7, in which there are two curves with one point in common, 
And finally, if one of the two planes through the apex and tangent 
to the opposite sides of the cylinder does not intersect the cone 


Wii 
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at all, it is the arrangement of Fig. 8, in which there is but one 
continuous curve of intersection. These facts can and should be 
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128. Problem 34. To find the line of intersection o 


| given cylinders. 


determined as the first step in the solution 


The details of construction are shown in Figs. 
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Analysis: 

The line or lines of intersection of the given cylinders are 
defined by a series of points common to both surfaces. 

Points are derived as intersections of lines which in turn 
define planes. 

Points will be derived at the desired intervals to define the 
required line of intersection by passing a series of planes such that 
they will intersect the surfaces of both cylinders in straight lines. 
Such planes must of course be parallel to the elements of both 
cylinders. 


Solution: 

Common secant planes parallel to the elements of the two given 
cylinders intersect the given cylinders in elements which intersect in 
points on the required line of intersection. Test planes parallel to the 
secant planes and tangent to the opposite sides of either cylinder deter- 
mine if the intersection is a single curve, or two separate curves with or 
without a common point. 


Construction (a): 

Given: The two cylinders, Fig. 12, having circular sections 
as shown in the horizontal plane M. 

Required: The line or lines of intersection. 

Point O (1,2) is chosen in any convenient position and through 
it are drawn lines OA and OB parallel to the elements of the two 
cylinders (3,6). Plane AOB, or X, intersects any horizontal 
plane indicated by GL in a line HX (7,1 0). The auxiliary secant 
planes will be parallel to plane X, and their intersection with 
the horizontal plane M in which the given sections of the cylinders 
lie will be parallel to HX. 

Test planes Y and Z, tangent to the opposite sides of the 
smaller cylinder (11,12), indicate that this is Case I, Fig. 11, in 
which each cylinder cuts through the side of the other, producing 
a single line of intersection. 

Planes R and Y (11,13) are the limiting secant planes which 
will secure points (two each) on the line of intersection, since each 
is tangent to one of the two cylinders and secant to the other. 

Plane S is a typical secant plane intersecting each cylinder in 
two elements (15,20) and (21,26), which intersect each other in 
four points, A, B, C, and D, of the required line of intersection, 
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Construction (6): 


Given: Two cylinders, Fig. 13. 

Required: The line or lines of intersection. 

Through any auxiliary point O (1,2) two lines, OA and OB, 
are passed parallel to the elements of the two cylinders, respec- 
tively (3,6). The H trace of this plane is HX (7,9). The trace of 
each auxiliary plane is then passed parallel to HX. Test planes 
Y and Z, parallel to plane X and tangent to the opposite sides 
of the smaller cylinder, indicate that there is but one curve of 
intersection (Case I, Fig. 11). Three additional planes, R, S, 
and 7’, intersect each surface in two elements, except plane 13 


which intersects one cylinder in two elements and is tangent to 
the other. 
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The method of numbering the elements in such fashion that 
the intersection of an element numbered 1 on the one cylinder 
with an element numbered 1 on the other may give a correspond- 
ing point numbered 1 on the line of intersection is illustrated 
under Case I, Fig. 11. The elements of the right-hand cylinder, 
Fig. 13, are numbered to correspond to the left-hand base of 
Case I, and the left-hand base of Fig. 13 corresponds to the 
right-hand base of Case I. 

From each of the numbered positions on the bases, correspond- 
ing elements 1 and 1, 2 and 2, etc., are drawn to intersect each 
other in points 1, 2, etc. This is performed for the H projections 
and then for the V projections. The projections of the line of 
intersection are then drawn through the points so determined 
and in order of their numbers; that is, 1 to 2 to 3, ete. 

Since the two surfaces are given in the first quadrant, the 
elements of each are visible (+) or invisible (—) as indicated for 
the H and V projections. If either of the two elements which 
intersect to produce a point is invisible (—) when viewed toward 
the plane in question, H or V, the corresponding projection of 
the point is marked invisible (—) as point 1 in both H and V 
projection. If both elements are visible in H projection, the H 
projection of their intersection is marked visible (+), as point 4 
in both H and V projection. When all points of the two projec- 
tions of the line of intersection are so labeled, the visible portions 
of the curves may be indicated by full lines and the invisible by 
broken lines. 


Construction (c): 


The combination of cylinders shown in Fig. 14 is common in 
engineering, and their intersection and developments can be 
secured most conveniently if the axis of one is drawn perpendicular 
to a coordinate plane, e.g., H, and the axis of the other parallel 
to V. Thus both axes are parallel to V and one perpendicular to 
H. The right section of each is assumed circular in Fig. 14. 
The procedure is the same, however, whether the sections are 
circular or elliptical. 

A plane & is passed perpendicular to the axis of the oblique 
cylinder, intersecting the surface in a right section, which by 
hypothesis is a circle. If this circle is revolved into or parallel to 
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one coordinate plane, any number of points may be located on it. 
DE is the axis of such a cylinder. Since the cylinder has been 
placed parallel to V, the circle may be revolved about the diam- 
eter 1-7, which is parallel to the V plane, until the cirele is 
parallel to V. The point 3, whose V projection is 3’, is revolved 
to 3,, and the distance from 3 to the diameter 1—7 is the length 
of the line seen in revolved position as 3,3’. This line in its true 


Fria. 14. 


position is parallel to H and perpendicular to /-7. The H 
projection of 3 is therefore this same distance from the H pro- 
jection of the axis DE. / 

129. Problem 35. To find the line of intersection of a 
given cone with a given cylinder. 


Analysis: 

The line or lines of intersection of the cylinder and cone are 
defined by a series of points common to the two surfaces. 

The required points will be derived by passing a series of 
secant planes such that they will intersect the cone and cylinder 
in straight lines. 
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Solution : 

Common secant planes through the apex of the cone and parallel to 
the elements of the cylinder intersect both surfaces in elements which 
intersect in points on the required line of intersection. Two such secant 
planes tangent to the cone determine the number of curves and their 


nature. 


Construction: 

Given: Cone with apex at X and cylinder, Fig. 15. 

Required: Line or lines of intersection. 

Line XH is passed through the apex of the cone and parallel 
to the elements of the cylinder (1,3). H is the point in which 
the line pierces the plane of the given sections or bases. The lines 
of intersection of all secant planes with the plane of the bases 
therefore pass through this point H. 

Test planes Y and Z, which are in this case tangent to the 
cone on opposite sides, indicate that there are two separate lines 
of intersection, Case II, Fig. 11. The fact that each plane has 
but one line in common with the cone but cuts two elements 
from the cylinder indicates that the cylinder is outside of the 
cone on both sides. 

Either one of the test planes, Y or Z, provides but one point 
on each line of intersection, since it cuts but one element from 
the cone to intersect each of the two elements cut from the 
cylinder. However, each additional plane, such as S or T, gives 
two points on each line of intersection, since each of the elements 
it cuts from either surface will intersect both of the elements cut 
from the other surface. The method of numbering the elements in 
such fashion that one group of numbers shall apply to one line of 
intersection and another distinctly different group shall apply to 
the other is shown on the space diagram accompanying Fig. 15 
and on the diagram describing Case II, Fig. 11. Since the cone 
enters the cylinder on one side and emerges on the other, each of 
the six elements of the cone will produce a point of the first curve. 
They may be considered Group A-1 and numbered J to 6, Fig. 15, 
or 1 to 10, Case II, Fig. 11, where six planes have been used. 
And for convenient reference the numbers of this group should 
be placed outside the circle. Then the group of elements, B-1, 
of the cylinder which these will intersect first needs to be num- 
bered in the same order from / to 6 to correspond. 
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The same six elements of the cone serve as group A-2 and 
are numbered 7 to 12. They emerge on the other side of the 
cylinder, where they intersect group B-2 of the cylinder num- 
bered similarly 7 to 12. 

With the elements so numbered, six points on each of the two 
lines of intersection are secured. That is, the H projection of 
element 1 of Group A-1 intersects the H projection of element 1 
of Group B-1 in the H projection of point 1. The V projections 
of the same elements intersect in the V projection of point 1. 

Since the two surfaces are given in the first quadrant, the 
elements are visible or invisible as indicated by the signs + and —. 
Thus in H projection element 1 (+) of the cone intersects ele- 
ment 1 (+) of the cylinder in point 1 (+) of one line of inter- 
section. This is the only visible point on this line in H projec- 
tion because in each other point one of the two elements is invisible 
(—). Four points (7,8,9, and 12) of the second line are visible 
in H projection, however, because the elements of these numbers 
of both surfaces are visible. 

130. Problem 36. To find the line of intersection of two 
given cones. 


Analysis: 

The line or lines of intersection of the two cones are defined 
by a series of points common to the two surfaces. 

The required points will be derived by passing a series of 
secant planes such that they will intersect both cones in straight 
lines. Such planes must pass through both apexes. 


Solution : 

Common secant planes through the apexes of the given cones inter- 
sect the cones in elements which intersect in points on the required line 
of intersection. Tangent planes will determine the number and relation 
of the curves. 


Construction: 

Given: Cones X and O, Fig. 16. 

Required: The line or lines of intersection. 

The two cones of Fig. 16 have been made to resemble the cone 
and cylinder of Fig. 15 so closely that the processes of solution 
can be seen to be almost identical. The initial line through apex 
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X must of course pass through apex O also. All planes through 
this line will intersect the surfaces in elements if at all. Test 
planes Y and Z through XO indicate two separate lines of inter- 
section as in the previous problem, but with a common point, 
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Case III, Fig. 11. Two additional planes, R and S, give a total 

of six elements of cone X intersecting seven elements of cone O, 

numbered and divided into groups A-1, A-2, B-1, and B-2 as 
shown. 

The procedure of finding the intersections of elements 1, 2, 
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3, etc., of Group A-1 with elements 1, 2, 3, etc., of Group B-1 
is the same as for the previous two problems. The visibility of 
the points so defined is controlled by the visibility of the pairs 
of elements, 1 and /, 2 and 2, in H projection and in V projection 
respectively. The determination of the visibility of the various 
elements is indicated on the figure. That is, elements 2/8, 3/9, 
4/10, and 5/11 of cone X are visible (+) in H projection because 
they are above the profile elements. Elements 3/9, 4/10, 5/11, 
and 6/12 of cone X are visible (+) in V projection because they 
pierce the plane of the base before the diameter through the 1 
piercing points of the contour elements in V projection. Point 
4/10 is the common point produced by the elements of tangency 
of plane Z with the two cones. 

131. Problem 36: Example 1. To pass a line through a 
given point making given angles ® and > with H and V. 


Analysis: 

All elements of a @ cone whose base angle is equal to the given 
angle @ and whose apex is the given point will pass through the 
given point and will make with H an angle equal to @. 

All elements of a ¢ cone whose base angle is equal to the 
given angle ¢:and whose apex is the given point will pass through 
the given point and will make with V an angle equal to ¢. 

If two cones which have a common apex intersect, the inter- 
sections are elements which have the properties of the elements 
of both cones. 

If the elements of the above cones are made equal, their bases 
will lie on the surface of a sphere whose center is their apex and 
radius equal to the common length of elements. 


Solution : 

If the given point is made the center of a sphere of any convenient 
radius and the common apex of 6 and ¢ cones whose elements are equal 
to the radius of the sphere, the bases of the cones lying on the surface 
of the sphere will intersect in two points which with the common apex 
ae determine the intersections of the two cones, hence the two desired 
ines. 


Construction: 
Given: Point O, 6 = 45°, ¢ = 30°, Fig. 17. 
Required: Line through O at 6 and ¢ with H and V. 
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Point O is made the center of a sphere of 1 inch radius (1,2): 

The projections of a 45 degree 6 cone with apex at O and base 
on the surface of this sphere are then constructed (3,7). The 
projections of a 30 degree ¢ cone with apex at O and base on the 
surface of the sphere are con- 
structed (8,11). The V projec- spt 
tions of the bases of the two 
cones intersect at c’ and d’ and 
the H projections at c and d. 
The intersections of the two 
cones and the required lines 
through O are OC and OD 
(12,15). 

132. Problem 36: Example 
2. To pass through a given 
point a plane which will make & 
given angles® and®o with H 
and V. 


Analysis: 

Any plane 7’ which is perpen- 
dicular to a line AB makes with 
any other plane, H, V, P, or S, an 
angle equal to the complement 
of the angle which the line makes 
with the same plane. ee 

If it is possible then to con- W10. 17. 
struct through a given point O a 
line which makes with any given plane angles which are comple- 
mentary to the angles which it is desired that the required plane 
make with the given planes, a plane through the given point 
and perpendicular to this line must be the required plane. 

See Article 131 for analysis and demonstration of the problem 
of passing through a given point a line which will make specified 
angles with a given plane. 


Solution: 
If through the given point or any chosen point, Fig. 18(q), a line is 
passed making with H and V complementary angles to the specified 
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angles @ and ¢ for the plane, a plane through the point and perpendicular 
to this line will be the required plane. 


Construction: 
Given: Point O and angles 6 = 60° and ¢ = 45°, Fig. 18(6). 
Required: A plane 7 through O at specified angles of 6 and 

¢@ with H and V. 

90° — @ (60°) = 30° 
90° '—"¢ (45°) = 45° = ¢ 


I 


Fia. 18(a). Fig. 18(6). 


Any point A is chosen as the center of a sphere of any radius 
(1,7). A is made the apex of a @ cone of base angle of 30 degrees 
and with elements equal to the radius of the sphere (8,11). The 
base of this cone lies on the surface of the sphere. A is made 
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the apex also of a ¢ cone of base angle of 45 degrees and elements 
equal in length to the radius of the sphere (12,15). The base of 
this cone must also lie on the surface of the sphere. The two 
bases intersect at H and F (16,17), and the two elements of 
intersection of the cones are HA and FA (18,20). These lines 
make with H and V the complements of the given angles. Plane 
MON through point O perpendicular to EA (22,25) is therefore 
one plane through O at the specified angles with H and V. 
Another plane would be perpendicular to AF. 

133. Problem 36. Example 3. To find the piercing points 
of a given space curve in the surface of a given cone or cylinder. 


Solution: 

If the intersection of the H or V projecting cylinder of the given 
curve and the given cylinder or cone is determined, the intersections of 
the given curve and this line of intersection are the required piercing 
points. 


CHAPTER X 
DEVELOPMENT OF CYLINDERS AND CONES 


134. The development of a cylinder or cone is the surface 
of that body rolled out on a plane; that is, a plane is passed 
tangent to the cylinder or cone through one of its elements and 
the surface is then split along any element and rolled out on 
this tangent plane. Any cylindrical or conical surface can thus 
be made from a flat sheet of metal. 

The layout of the fluid conduit shown in Fig. 1 is made up 
of at least twenty-two separate pieces comprising sections of 
cylinders and cones. Each was made from a flat sheet of metal 
on which all openings, rivet holes, and laps were accurately laid 
out, the openings cut out, and the rivet holes punched before any 
bending or forming was done. The metal used throughout may 
have been one-quarter inch thick, or heavier, and due allowance 
was made in the layout for the effects of this thickness on the 
interior or exterior dimensions of the formed section. The 
necessary provision for fitting one end of one section into the end 
of the next or against the side of another was likewise made. 

It is not our purpose nor our function to deal here with any 
part of the problem except to make the layouts of the various 
sections with no provision for thickness or for joining and fitting. 
Those are matters which are dictated by thickness, quality, and 
nature of materials used, the sizes of piping and the methods of 
joining: that is, by double seaming, riveting, or welding. 

The process of producing a plane equivalent of the surface 
of a cylinder or of a cone and any lines on those surfaces may ap- 
pear simpler if the cone is regarded as satisfactorily approxi- 
mated for engineering purposes by an inscribed pyramid of large 
number of faces, and the cylinder by an inscribed prism. 

The number of faces in each case needs to be large in order 
that a development so worked out may satisfactorily approxi- 
mate the desired curved surfaces and their openings. Develop- 
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ments are frequently worked out in two or more parts because of 
the sizes of sheets of metal required, difficulties in forming, and 
handling. It is best therefore to regard the cylinder or cone in 
terms of an inscribed prism or pyramid of a number of sides 
that is divisible by two, three, and four, that is, twelve or twenty- 
four. For large piping much larger numbers will be used, thirty- 
six, forty-eight, and sixty. 

135. Problem 37. To develop the surface of a cylinder and 
trace upon the development the intersection of the cylinder with 
any plane or another surface. 


Analysis: 

If the cylinder is regarded in terms of an inscribed prism of 
at least twelve faces, the pattern produced by laying the faces 
of this prism with the respective portions of any lines of the 
surface side by side may for practical purposes be considered the 
development of the surface of the cylinder. 


Solution: 

If a series of elements of the cylinder is assumed at regular intervals 
and these are regarded as the edges of an inscribed prism, the develop- 
ment of this prism with the points of intersection of the given curve and 
the elements or edges is approximately the required development. 


Construction (a): 

Given: Right cylinder and the intersection of its surface 
with plane 7’, Fig. 2. 

Required: The development of the surface and the line of 
intersection. 

The circumference of the base is- divided into twelve equal 
parts and elements passed through these points. The chord 
of one of the twelve arcs of the base is laid off twelve times 
on a horizontal line 1-12-1 as the development of the cir- 
cumference of the base. Vertical lines at each of these points 
and with a common height of that of the cylinder gives the devel- 
opments of the various elements. A horizontal line joining their 
tops is the development of the upper base. 

The line of intersection starts on the lower base at a distance 
from 1 toward 2 equal to the chord ‘‘a’”’ shown. The distances 
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above the base at which the line intersects successive elements 
are shown in true value on the V plane because the lines are 
vertical. They are therefore projected horizontally to the 
proper element in the development. The curve is then drawn 
smoothly through these points. If in the finished pipe only that 
portion above the line of intersection is desired, the portion 
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below the line may be regarded as cut out. In this fashion 
patterns for sections 5, 9, 10, 11, 18, 14, 16 and 16a, 17 and 20 
of Fig. 1 would be produced. 


Construction (b): 

Given: The oblique cylinder, Fig. 3. 

Required: Development of cylinder showing line of inter- 
section of cylinder and plane 7’. 

The base section is divided into at least 12 equal arcs and 
elements are passed through their division points. 

It is necessary here to pass a plane perpendicular to the 
elements of the cylinder so that it may intersect the cylinder 
in a right section which will develop as a straight line perpen- 
dicular to the elements. Plane 7’ is then revolved either about VT 
into V, or about its intersection with the two contour elements 
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(4 and 10) of the cylinder until it is parallel to V, when the 
revolved right section will appear in its true size as shown. The 
true distances between these elements aré shown in the revolved 
position of the right section. The development of the right sec- 
tion is the line AB as in the case of the right cylinder of Fig. 2. 
The several points of this line, 5, 6, 7, etc., are determined by 
laying off distances equal to the chords of the revolved right sec- 
tion, and through these points the elements are drawn perpendic- 
ularto AB. The lengths of the various elements above and below 
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the right section to the upper and lower bases show in their true 
value on the V plane or in elevation since they are parallel to V. 
These values may hence be projected parallel to AB to the devel- 
opments of the corresponding elements. The curves drawn 
through the points so determined constitute the developments of 
the upper and lower bases. This construction illustrates the 
process of securing the developments or patterns for sections 
6, 7, 8, 18, and 19 of Fig. 1. 

136. Problem 38. To develop the surface of a right circular 
cone and trace upon the development the curve of intersection 
of the cone and any surface. 
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If a pyramid of a sufficiently large number of faces is inscribed 
within the given cone, the development of this pyramid and of 
the points in which the curve intersects its edges will be the 
practical equivalent of the desired development of the surface 
of the cone and curve of intersection. 

The faces of a regular pyramid are identical isosceles triangles 
whose equal sides in this case are equal to the elements of the 
cone. The development of the pyramid is hence a series of 
identical isosceles triangles with common vertex and sides equal 
to the length of the elements of the cone. 


Solution: 

If the base of the cone is divided into equal ares—preferably twelve— 
and the elements are drawn to these points, they constitute the edges 
of the inscribed pyramid which may be developed as a series of adjacent 
equal triangles, each containing its portion of the curve of intersection. 


Construction: 

Given: Right circular cone X intersected by plane T 
perpendicular to V, and by horizontal planes Y and Z, Fig. 4. 

Required: The development of the portion of the surface 
between planes Y and T. 

The base of the cone in plane Z is divided into twelve equal 
parts and the elements drawn. They intersect plane T in points 
1, A, B, C, ete. Point X, is selected as the development of the 
apex and is made the center of an are whose radius equals the 
length of the elements to plane Z, e.g., x’1’. From any point 1 
chosen on the are a chord equal to chord 1—2 is stepped off twelve 
times and the developments of the various elements 1 to 12 are 
drawn to the center X,. The sector 1X1 then constitutes the 
development of the entire cone. A second arc is drawn with 
X, as center and x’m’ as radius. This constitutes the develop- 
ment of the surface to plane Y. The portion between MM and 
1,1 is the development of the surface between planes Y and Z. 

Plane 7 intersects element 2 at A, 3 at B, etc. The true 
length of the element 3 from X to B is x’b.. by the process of 
rotating XB around a vertical line until it is parallel to V (1,8). 
This distance, x’b,, is laid off from X, on element 3, giving B, as 
the development of point B of the curve. Each point is so 
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determined and the development of the entire curve traced 
through the various points A;, B,, C,, etc. The portion of the 
sector between are MM, drawn with center X and radius 2'm’, 
and curve 1, A;, Bi, Cj, etc., is then the development of the 
portion of the surface of cone X between planes Y and 7. 

This process is employed to develop the patterns for sections 
21 and 22 of Fig. 1. 

137. Problem 39. To develop the surface of an oblique 
cone and trace upon the development the line of intersection of 
the cone and any surface. 


Analysis: 

If a pyramid of sufficiently large number of faces is inscribed 
within the cone, the development of this pyramid and of the 
points in which the curve intersects its edges will be the equiva- 
lent of the desired development of the surface of the cone and 
curve of intersection. . 

The faces of the inscribed pyramid will be irregular triangles, 
and it will be necessary to determine the lengths of the sides of 
each and fit the completed triangles together one by one. 

If the surface is divided on the longest or shortest element, 
the development will be in identical halves, which will facilitate 
solution. 


Solution: 

If the base is divided into an even number of equal arcs, e.g., twelve, 
and the elements are drawn to these points, they constitute the edges 
of an inscribed oblique pyramid which may be developed as a series of 
adjacent irregular triangles, each containing its portion of the line a 
intersection. 


Construction: 

Given: Oblique cone X intersected by horizontal planes 
Y and Z, Fig. 5. 

Raquired: Development of he portion of the surface of the 
cone between planes Y and Z. 

The base in plane Z is divided into twelve equal arcs, begin- 
ning at the shortest element, and the elements are drawn. They 
intersect plane Y in points which when developed will define 
‘the line of intersection with plane Y. 
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Point x’ is used for convenience as the development of the 
apex, X,;. Any convenient line through X,; may represent the 


CHoRO OF Arc /-2 
Fig. 5. 


development of element X1, which shows in its true length as 
x1’. The chord of the common are 1-2 of the base is used 
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as the common length base side of all the triangles. With 
development / as a center and the chord of the are 1-2 as a 
radius, a short arc is described. The true length of element X2 
is then determined as in the illustration for element X45. With 
x’ as a center and the true length of X2 (x’2,) as a radius, the are 
is described intersecting the short radius are at point 2. This 
process is repeated until the six triangles to the longest element 
are completed. This comprises half the development, which 
may be duplicated to produce the complete pattern. 

As the true length of element X2 was determined, the length 
of the portion of that element to plane Y was also determined 
and used as the radius of an arc to intersect the development of 
element X2. In this manner the development of each of the 
points in which the elements intersect plane Y is secured and 
the development of the curve is traced through the points so 
determined. The development between the upper and lower 
curves and from element X/ to X7 constitutes the development 
of half the surface of the oblique cone X between planes Y and Z. 
This process is employed to develop the patterns for the remain- 
ing sections of Fig. 1. These are numbers /, 2, 3, 4, 12, 15, and 
Lda. 
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CHAPTER XI 


SHADES AND SHADOWS 
SCOPE 


138. In certain work of an architectural nature, it is fre- 
quently desirable to show the shades and shadows cast by the 
different parts of an object. It is not the purpose of this book, 
however, to treat the subject from any but a strictly mathe- 
matical standpoint, leaving the more elaborate discussions of 
degrees of shade, etc., to other works. Likewise only such 
problems will be included as are required for immediate and 
obvious needs. 


LIGHT—SOURCE—RAYS 


139. Shades and shadows, indicating the absence of a cer- 
tain amount of light from some surface, presume the existence 
and a source of light of some sort. For our present purposes 
the sun will be assumed as the source; and a shaft or beam of 
sunlight will be imagined as composed of countless parallel rays, 
which rays are mathematical straight lines. 


DIRECTION OF LIGHT 


140. Upon the assumption of a source of light rays, the 
direction of these rays must be either determined or assumed. 
Shadows being used chiefly for effects, there can be no objection 
to the assumption of the direction of the rays. However, in 
assuming this direction, some care should be taken to make it 
approximately what it actually is for the latitude involved. <A 
reasonably good rule is to assume both projections of the light 
rays to make with GL an angle equal to the complement of the 
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latitude of the section of the country in question. The angle 
commonly used in the northern half of the United States is 
45 degrees. As it is common practice to assume the light 
coming from the left and rear, the projections of the rays will 


Fra. 1. 


slope toward GL to the right, when objects are placed in the first 
quadrant, Fig. 1. 


DIRECT LIGHT—INDIRECT LIGHT 


141. All light received from the source is known as direct 
light, and any portion of any surface from which the direct light 
is excluded by somebody is said to be in shadow. Most illumi- 
nation, however, is indirect and in some cases it may be almost 
impossible to distinguish with the eye between the shaded and 
directly illuminated portions of a surface. There are always 
countless surfaces which reflect the direct light upon the shaded 
surfaces. This reflected light is known as indirect light and 
gives rise to degrees of shade mentioned before. 


SHADES—SHADOWS 


142. Any portion of a surface of an object from which the 
direct light is excluded by some part of the same object is said to 
be in shade, or for convenience may be called a shade. 

Any portion of a plane or the surface of an object from which 
the direct light is excluded by some part of another object is 
said to be in shadow, and for convenience may be called a 


shadow. 
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LINE OF SHADE—SHADOW 


143. The line which separates the shaded from the illuminated 
portions of any surface is known as the line of shade, as BC, 
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Fig. 2. The line which limits a shadow on any surface is called 
a line of shadow, as ¢,b,, Fig. 2. 


SHADOW RAY 


144. Much labor may be saved in finding the shadow of an 
object on a surface, if one determines by inspection what lines 
of the object will determine the limits of the shadow. It is 
easily seen in Fig. 2 that point A will play no part in determin- 
ing the shadow, while points H, F, C, B, G, and D will. It is 
evident that by passing rays through B and C the points 6, 
and c, are located; b,c; is thus the shadow line determined by the 
edge BC. The line Bb, is in reality a ray of light, since it 
has been used in determining a point on the line of shadow, 
however, it will be known in this work as a shadow ray. Any 
other such ray which may be used to determine any point either 
on a line of shade or on a line of shadow will be known as a 
shadow ray. 


FIRST VERSUS THIRD QUADRANT 


145. Shadows are usually rendered in elevation views only. 
Since the top view, or plan, does not have the shadows shown, 
it is advantageous to place the object in the first, rather than in 
the third, quadrant. By this arrangement the V plane may 
be conceived as a wall of any building upon which shadows may 
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be cast. Furthermore, it seems more natural to imagine the 
H plane to be the ground or plane of the base of the object than 
to use the extra plane when the object is in the third quadrant. 


SHADES AND SHADOWS—HOW REPRESENTED 


146. Any given point can have but one shade or one shadow. 
Also, an object can be viewed from only one point at a time. 
Hence, when dealing only with the elevations or V projections 
of shadows cast upon any structure, the observer is before V, 
the orthogonal lines of sight are perpendicular to V, and as far 
as the observer is concerned there are no shades or shadows on 
horizontal planes. And unless so specified in the requirements 
of the problem, the projections of shades and shadows on H 
planes need not be found. 

Since the subject of shades and shadows is being considered 
here solely in terms of orthogonal projection, it is seen that 
when observed from before V the shade or shadow of a given 
point on a given oblique plane is represented by the V projection 
of that shade or shadow; as far as the observer is concerned, an 
H projection does not exist and need not be found. When 
viewed from above H, as in a bird’s-eye view, the H projection 
of the shade or shadow represents that shade or shadow and 
the V projection does not exist and need not be found. 

147. Problem 40. To find the shadow of a given point on a 
given surface. 


Solution: 

If through the given point a shadow ray is passed, the point in which 
it pierces the surface is the required 
shadow. 


Construction (a): 

Given: Point O, Fig. 3. 

Required: Shadow of O on V ; 
or on H. 

The projections of the shadow 
ray are drawn through o’ and o 
at 45 degrees to GL (1,2); this ray Fea. 3. 
pierces V at O, (3), the required 
shadow on V, or H at O, (4), the shadow on H. 
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Construction (6): 

Given: Point O and plane R, Fig. 4. 

Required: Shadow of O on R. 

An H projecting plane is passed through the shadow ray 
from O (1,8); its line of intersection with R is VH (4,6). The 
shadow ray intersects this line at O,, 0, and 0; (6). Ifshadows 
are required in elevation, 0, is the desired shadow; in plan, 0 
is used. 


Construction (c): 

Given: Point O and cone X, Fig. 5. 

Required: Shadow of O on surface of cone. 

The shadow ray is passed through O (1,2) and O is connected 
with the apex X (3,4). Plane JT (5,6) of these two lines cuts 
the element CX (10,11) from the cone; the shadow ray inter- 
sects this element in O; (12). In dealing with shadows in ele- 
vation, 0; is the required shadow; in plan, 0, is used. 
Construction (d): 

Given: Point O and the ellipsoid X, Fig. 6. 

Required: Shadow of O on ellipsoid. 

The H projecting plane T is passed through the shadow 
ray OC (1,2). Plane T cuts from the ellipsoid an ellipse whose 
minor axis is aa. The major axis d’d’ is obtained by laying off 
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the distance e on the V projection as shown (5,9). Plane 7 
is revolved parallel to V about the axis of the ellipsoid as an 
axis of revolution (10,15). OC comes into the position 0,0, 
(16,17), and the V projection of the revolved position of the 
ellipse may be constructed in the position shown, with minor 
axis equal to aa and major axis equal to d’d’; the ordinary 
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methods of constructing an ellipse may be used. The revolved 
position of the required shadow is then found at 03 and the 
shadows themselves at 0; and 0, respectively (20,21). 


BRILLIANT POINTS—LINES 


148. If on a surface of double curvature there is a point at 
which a ray of direct light is reflected to the eye, this point appears 
more brilliant than any other point of the illuminated surface 
and is known as a brilliant point. On a surface of single curva- 
ture instead of a point there will be a line along which direct light 
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will be reflected to the eye (if reflected at all); this line is known 
as the brilliant line. 

Such brilliant points or lines do not necessarily exist for every 
position of the point of sight and any assumed direction of light; 
if the surface is either a sphere or an ellipsoid of revolution, 
however, such a brilliant point does exist and can be found. 

149. Problem 41. To find the brilliant point on the surface 
of a given ellipsoid of revolution. 


Analysis: 

Assuming that it is desired to locate the brilliant point in 
elevation, the eye is an infinite distance before the V plane; 
hence the reflected ray is perpendicular to V. 

The bisector of the angle between the incident and reflected 
rays is normal to the surface of the ellipsoid at the brilliant 
point. 

A normal to the surface of an ellipsoid passes through the 
axis of revolution. 


Solution: 

If through any convenient point in space a ray of light and a line of 
sight are passed (the latter perpendicular to V), the bisector of the angle 
between these two straight lines is parallel to the normal of the surface 
at the brilliant point. If then a plane is passed through the axis of the 
ellipsoid parallel to the bisector of this angle and a line is drawn in this 
plane perpendicular to the direction of the normal (or the bisector), and 
tangent to the ellipse of intersection of the plane with the ellipsoid, the 


point of tangency of this line with the ellipse is the required brilliant 
point. 


Construction: 

Given: The ellipsoid XY, Fig. 7. 

Required: The brilliant point in elevation. 

The ray of light OB and the line of sight OA are passed 
through any point O (1,4). OB is revolved about OA as an 
axis until it is parallel to H (6,8). OM, is the bisector of the 
revolved angle AOB, and its projections are om and om’ (9,18). 
Plane T' is passed through the axis XY of the ellipsoid parallel 
to OM; HT (14) is parallel to om. Line CD is passed through 
any point C in T parallel to OM; CD lies in plane T. Plane T 
is revolved about the axis XY of the ellipsoid until it is parallel 
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to V. The V projection of the ellipse cut from the ellipsoid 
by T now coincides with the V projection of the ellipsoid, and 
the revolved position of CD is described by the projections 
¢.d,, Crd, (17,28). The tangent line, EF, is determined by con- 
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structing the V projection ef, (24) of its revolved position 
perpendicular to c.d,. The V projection of the revolved posi- 
tion of the brilliant point is p;, and the projections of the required 
brilliant point are p’, p (25,28). 

150. Problem 42. To find the shade on a given ellipsoid of 
revolution and the shadow of the ellipsoid on H. 

Solution: 

If a cylinder of light rays is passed tangent to the given ellipsoid, the 
line of tangency is the line of shade; the line of intersection with H of 
this cylinder is the required line of shadow. 

Construction: 
Given: Ellipsoid O, Fig. 8. 
Required: Shade and shadow of ellipsoid on H. 
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A light ray AB is passed through any convenient point A 
and is revolved about a vertical line through A until it is par- 
allel to V (1,6). The ellipsoid and the cylinder of tangent rays 
are revolved about the axis of the ellipsoid until the elements 
of the cylinder are parallel to V. The upper and lower limiting 
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elements come into the positions CH,,, D,H»,, the projections 
of which are ¢,hi,, ¢,Air and dhy,, d;ho,, parallel to the projections 
of the revolved position of the light ray AB. The axes of the 
elliptical line of shadow on H are determined as equal to hj,ho, 
(major), (7,14), and to the diameter of the circular H projection 
of the ellipsoid (minor), (15,16). 

CD is the major axis of the elliptical line of shade. Its H 
projection cd becomes the minor axis of the elliptical H projec- 
tion of the line of shade. The diameter ee, perpendicular to cd 
at its center, is the major axis. The normal positions of C and 
ID re, dd’ ) are determined from the revolved position C,D 
(c,c,, d,d,) by counter-revolution and provide two points aaa 
onthe V and H projections. Other points on the V projection may 
be determined by cutting circles from the ellipsoid by auxiliary 
planes perpendicular to the axis, and finding the points of inter- 
section of these circles with the H projection of the line of shade 
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CHAPTER XII 
PERSPECTIVE 
DEFINITION 


151. A perspective drawing of any object is such a representa- 
tion as has the same appearance as the object itself when viewed 
from some definite point. An object can be viewed from an 
infinite number of positions, each view differing slightly from 
the others. Any number of perspectives can therefore be made 
of the same object. 

Perspective drawing is employed principally in architectural 
work. Orthogonal working drawings, composed of several views 
of an object, and made with a corresponding number of view- 
points at infinite distances from the coordinate planes present 
little but the bare details of construction. Isometric and oblique 
projections represent an object in a single view, but with all 
care and allowances such projections never appear quite natural. 

It is then left to perspective drawing to present objects 
as they actually appear to us. While the chief use of perspec- 
tive is in architectural drawing, the principles of construction, 
depending upon the principles of descriptive geometry, are 
easily understood and can be applied in a mechanical way by 
the engineer without any special artistic training. 


PICTURE PLANES 


152. Perspective drawings are made from orthogonal work- 
ing drawings; and, as working drawings are third quadrant 
projections, it will be assumed that in making a perspective 
the object is always placed in the third quadrant. 

Any plane parallel to either the V plane or the H plane may 
be used as the picture plane. In this treatise, however, for 
| simplicity of construction, the V and H planes will be termed and 
211 
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used as the picture planes, i.e., the planes on which the repre- 
sentations or perspective drawings are made. 

When the representation or drawing is made on the H plane, 
it is termed a bird’s-eye view; such drawings are made fre- 
quently of large areas of ground, cities, groups of buildings, etc. 
If, however, the drawing is made on the V plane it is termed a 
perspective; such drawings of course have the wider range of 
utility. 

POINT OF SIGHT—PRINCIPAL POINT 

153. The position of the eye of the observer is known as the 

point of sight and is lettered S, Fig. 1. This point of sight is on 


ihe, il. 


the opposite side of the picture plane from the object, that the 
drawing may be smaller than the object; however, if it is desired 
to make the drawing larger than the object, a new picture plane 
may be assumed in such position as to bring both the object 
and the point of sight on the same side. 

In making a bird’s-eye view the point of sight will be above the 
H plane and, ordinarily, although not necessarily, in the first 
quadrant. For a perspective, S is taken in front of V and 
usually in the fourth quadrant. 

The v projection of S will be lettered s’, the H projection s. 
s’ is of great importance in construction, hence is known as the 
principal point; its use will be explained later. 
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There is more to the locating of the point of sight with refer- 
ence to the object than appears on first thought. The princi- 
ples of construction can be applied as easily with S in any one 
position as in any other; however, unless care is exercised, the 
drawings, though mathematically correct, may have a most 
unnatural appearance. One can imagine how absurd the 
perspective of a house would appear if made with the view 
point only a few feet from one of the walls. Suggestions for 
placing the point of sight will be given later. 


POSITION OF POINT OF SIGHT 


154. Though no fixed rules for placing the point of sight 
will be given, a few suggestions will be helpful. 

With beginners there is a tendency to simplify construction 
by placing the point of sight too close to the object, perhaps 
within the limits of the drawing. The result is invariably a 
““steep”’ perspective having a most unnatural appearance. Too 
great a distance produces always less serious faults than too small 
a distance. With large objects the point of sight should be 
before the picture plane a distance of at least three or four times 
the greatest dimension of the object. 

More natural perspectives are produced with the point of 
sight nearly in front of the object. With the point too far to 
the side trouble is likewise experienced with too long inter- 
sections. 

With small objects any rule but that of ‘‘good sense” is 
hard to give. The best solution of the matter is to ask one’s 
self how far from the object should the eye of the observer be, 
and in just what position, to see all the details to the best 
advantage. 


VISUAL RAY—PLANE--CONE 


155. A line from the point of sight to any point of an object 
is known as a visual ray. A plane passing through the povnt of 
sight and any straight line of the object is a visual plane. A cone 
of visual rays with the apex at the point of sight and the surface 
of the cone tangent to a given curved surface (sphere, etc.) or all 
rays intersecting a given curved line is known as a visual cone. 


214 DESCRIPTIVE GEOMETRY 


PERSPECTIVE BY PIERCING POINTS 
156. Problem 43. ‘To find the perspective of a given point. 


Solution: 
The piercing point in V (the picture plane) of a visual ray through 
the point of sight and the given point is the required perspective. 


Construction : 
Given: Point O, third quadrant, and point of sight S, Fig. 2. 
Required: Perspective of O. 
A visual ray is passed through points S and O. Its projec- 
tions are s’o’ and so (1,2). This ray pierces V at V, projections 


QO 
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v’ and v (3). The point v’ is the required perspective and will 
be lettered 0; if lettered at all. 

Defect: The theory of the problem just given is sufficient 
to construct completely the perspective of any object. In 
practice, however, the method can seldom be used; for the 
point of sight is generally in such position as to bring its H 
projection s without the limits of the drawing. This theory is, 
however, the basis of solutions to follow. 

157. Problem 44. | To find the perspective of a given line. 


Analysis: 
From the previous problem it is seen that, if a point lies in 


V, the piercing point of the visual ray and the given point coin- 
cide; i.e., the point is its own perspective. Then if a given line 
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is produced until it pierces V, this point is one point of the 
perspective of the given line. 


Solution (a): 


The V piercing point of the given line is one point of the required 
perspective. The V piercing point of a visual ray to any other point 
of the given line is a second point of the required perspective. 


Construction: 
Given: Line AB, third quadrant, and point of sight S, Fig. 3. 
Required: Perspective of AB. 
AB, produced, pierces V at V, which coincides with v’ (1,2). 
The visual ray from S to A pierces V at a; (3,5). The perspec- 
a 


tive of B lies on the V projection s’b’ (6) of the visual ray from 
S to B, and on the perspective a,v’ of the line, hence at their 
intersection, b;. 4,5; is the required perspective. 


Solution (0): 
The V trace of a visual plane through the point of sight and the 
given line is the required perspective of the given line. 


Special lines. From Solution (6) above, it is seen that: 
(1) If a line is parallel to the picture plane (V), its perspective is 
parallel to the given line, likewise to the V projection of the given 
line. (2) The perspective of a vertical line is a vertical line. 

158. Problem 45. To find the vanishing point of a given 
group of parallel lines. 
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Analysis: 

If a group of parallel lines is produced infinitely, they 
appear to meet in a point known as their vanishing point. A 
visual ray parallel to the group of lines likewise appears to pass 
through their vanishing point. Its piercing point in V is there- 
fore the perspective of this point. In perspective this piercing 
point is known as the vanishing point of the group of lines. The 
perspective of each line of the group passes through the vanish- 
ing point. 

The vanishing point of a group of parallel lines is common to 
the perspectives of all lines of the group. It is necessary, 
therefore, to find the perspective of only one additional point 
of each line to determine the perspective of the line. 


Solution: 

The piercing point in V (the picture plane) of a visual ray through 
the point of sight parallel to the lines of the given group is the required 
vanishing point. 


Construction: 
Given: Point of sight and lines, AB, CD and EF, Fig. 4. 
Required: Vanishing point of given lines. 
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' The projections of the ray through S parallel to the given 
lines are parallel to the respective projections of the given 
lines (1,2). The V projection v’ (3) of its piercing point in V 
(the picture plane) is the required vanishing point. 
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PERPENDICULARS—HORIZONTALS—DIAGONALS—POINTS 
OF DISTANCE 


159. Lines perpendicular to the V picture plane are known 
as perpendiculars; such lines are of course horizontal. 

If a group of perpendiculars is produced indefinitely, the 
perpendiculars appear to meet in a point on what we commonly 
eall the horizon. A visual ray parallel to these perpendiculars 
pierces V ins’, the V projection of the point of sight S. Hence s’ 
is the vanishing point of all perpendiculars. <A horizontal line 
through s’ and lying in the picture plane is the perspective of the 
horizon mentioned above; this horizontal line through s’ is known 


i ae 


in perspective as the horizon. All horizontal lines vanish in 
points on the horizon, Fig. 5. 

Any horizontal line making 45 degrees with the picture plane 
is known as a diagonal, e.g., AB and BC, Fig. 6. Diagonals 
vanish in points of the horizon, because they are horizontal lines. 
On inspection of Fig. 6 it will be seen that the vanishing points 
Dr and Dy, of diagonals are on the horizon at distances to the 
right and left of s’ equal to the distance that s is below GL, or that 
S is before the picture plane. Hence Dr and Dz, also known as 
points of distance, are readily located whether s is without 
the limits of the drawing or not. 

160. Problem 46. To find the perspective of a given point 
‘by diagonals and perpendiculars. 
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Analysis: 

The point of intersection of the perspectives of two inter- 
secting lines is the perspective of their point of intersection. 
Solution: 


If through the given point a perpendicular and a diagonal are passed, 
the intersection of their perspectives is the perspective of the given point. 


Construction: 

Given: Point O, third quadrant, Fig. 7. 

Required: Perspective of O by a perpendicular and a 
diagonal. 

The V projection s’ of the point of sight S is assumed 
wherever desired and the horizon is passed through it (1). s’ is 


O 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
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the vanishing point of all perpendiculars. Dp and Dy, the 
vanishing points of all right and left diagonals, are located at 
equal distances to the right and left of s’, which distance is 
equal to the distance at which S is assumed before the picture 
plane. The diagonal through O pierces V at v’ and its perspec- 
tive is v’Dr (1,5). The perpendicular through O pierces V at o’ 
and its perspective is 0's’ (6). v’Dpz and o’s’ intersect at o, the 
required perspective. 

Defect: Though the construction explained above can be, 
and generally is, used in perspective construction, problems 
will arise in which even the points Dg and Dy fall without the 
limits of the drawing. In such cases a geometrical modifica- 
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tion of the method is used; i.e., points known as reduced points 
of distance are used instead of Dg and D,. These reduced 
_ points of distance are located on the horizon at distances to the 
right and left of s’ equal to some simple fractional part of s’ Dp, 
e.g., 3, z, etc. Such points are lettered Dog and Dy. See 
Fig. 8. 

161. Problem 47. To find the perspective of a given point 
by perpendiculars and diagonals, using reduced points of dis- 
tance. 


Construction: 

Given: Point O, third quadrant, Fig. 8. 

Required: Perspective of O. 

The vanishing point s’ of verticals is assumed as desired and 
the horizon drawn through it (1). The vanishing points of right 
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and left diagonals are located on the Dr and on the Dy horizon 
at distances to the right and left of s’ equal to the distance at 
which S is assumed before V or the picture plane. 

The perspective of the perpendicular through O is 0's’ (2). 
The V piercing point of the diagonal is at v’ (3,5). The perspec- 
tive of the diagonal is v’Dp and the perspective of O is 0,. If 
Dp is off the limits of the drawing, then D:z can be used. The 
line from v2, midway between o’ and v’, is connected with Dor 
midway between s’ and Dr (7), giving 0; as before; if Dog is 
likewise inaccessible, the line 14D4r (8) may be used to locate 0. 
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POINTS NEAR THE LEVEL OF THE HORIZON 


162. If, as in the case of point E, Fig. 8, a point is near the 
level of the horizon, by the method above it is not possible to 
eet a very satisfactory point of intersection for e. Knowing 
that the perspective of a vertical line is a vertical line, we may 
imagine that E is dropped on a vertical line to F, and the per- 
spective of F satisfactorily located at f;. A vertical line through 
f; intersects e’s’ in e, the required perspective. 


CIRCLES IN PERSPECTIVE 


163. If the plane of a given circle is parallel to. the picture 
plane, the perspective is a true circle; its radius may be deter- 
mined by finding the perspectives of the center and one point of 
the circumference. If the plane of the circle ts oblique to the 
picture plane, its perspective is an ellipse. ‘The major and minor 
axes of this ellipse can be determined; however, for practical work 
this is unnecessary; a construction known as the eight-point 
method is more easily used and with perfect satisfaction. 

164. Problem 48. To find by the eight-point method the 
perspective of a given circle whose plane is oblique to the 
picture plane. 


Solution : 

If a rhombus is circumscribed about the circle with two of its sides 
parallel to the picture plane (V) and two parallel to H, the perspective 
of this rhombus and its diagonals may be determined by methods already 
described. If, then, with the perspective of one of the sides of the 
rhombus which is parallel to V, a square with its diagonals, center lines, 
and inscribed circle, is constructed, the required eight points of inter- 
section of these diagonals and center lines with the circle, that is, eight 
points of the perspective of the given circle, are determined. 


Construction: 


Given: Circle with center O, Fig. 9. 

Required: Perspective of circle. 

The circumscribed rhombus is ABCD. The two sides 
AD and BC, which are parallel to V, project on V in their true 
length. The sides AB and DC, which are parallel to H, project 
on H in their true length. The perspective of the rhombus is 
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a,b,c,d;, found by perpendiculars and diagonals [Article 160]. 
Since AD and BC are parallel to V, their perspectives are parallel 
to their V projections. Then with a,d; as a side, the square is 
constructed and the diagonals, center lines, and inscribed circle 
drawn. Inasmuch as the vanishing point of the lines a,b, 
and c,d, comes without the limits of the drawing, it is necessary 
to construct a second square on b,c; to locate four of the eight 
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points. The remaining four points of tangency of the perspective 
of the circle with the perspective of the rhombus are determined 
by the perspectives of diagonals of the rhombus and the perspec- 
tives of the two lines through their intersection 0,, and parallel to 
the respective sides of the rhombus. 

165. Problem 49. To find the perspective of a given sphere. 


Analysis: 

The line of tangency of a cone of visual rays tangent to 
the sphere and having the point of sight as an apex will be to 
the observer the bounding line of the body and is known as the 
line of apparent contour. 

The perspective of the line of contour of any solid is the 
) bounding line of the perspective of the solid. 
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Solution: 

If with the point of sight as an apex a cone of visual rays is passed 
tangent to the sphere, the perspective of its line of tangency with the 
sphere (a circle), the apparent line of contour, is the required perspective 
of the given sphere. 


Construction: 

Given: Sphere O, Fig. 10. 

Required: Perspective of the sphere. 

The point of sight, S, is connected with O, the center of the 
sphere (1,2). S is revolved about a vertical line through the 
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center of the sphere until SO is parallel to V (3,5). The V 
projection of S, is position s, and the V projection of the revolved 
cone may be drawn (6,9). c,c. is the V projection of the line 
of apparent contour in this revolved position and is equal to the 
diameter of the circular base of the cone. Angle o’'s,s’ equals 
angle ‘6’ of the axis of the cone; hence, by projecting c.c, upon 
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a horizontal line through ci, we obtain cc}, the minor axis of 
the elliptical H projection of the circle (10,11). ax is the center 
of this ellipse (12,13). The axes of the ellipse may then be 
drawn through x as follows: the major, perpendicular to so 
and equal to ¢,c,, the minor, coinciding with so and equal to 
c,c,. The major axis of the elliptical V projection of the circular 
line of contour may be drawn through 2’ perpendicular to s/o’ 
and equal to cic... To determine the minor axis, SO is revolved 
about a perpendicular to V through O until it is parallel to 
H (14,18). The angle between s,0 and GL equals angle ‘¢”’ 
of the axis of the cone; hence a perpendicular to s.0, equal in 
length to c.c., when projected on GL gives ee, the required minor 
axis (19, 21). ‘The minor axis is then determined by laying off 
a distance equal to one half of ee along s’o’ and on either side of x’. 

To find the perspective of the line of contour as represented 
by these ellipses, the eight-point method of Problem 48 can be 
used. In circumscribing the projections of the rhombus we see 
that in both projections one pair of sides is parallel to the major 
axis and perpendicular to the minor. 

The perspective of the sphere will be an ellipse here, which is 
contrary to natural observation, since it always appears circular. 
The reason for this apparent inconsistency is due to the fact 
that the perspective is found where the lines of sight pierce a 
picture plane; and, since the tangent visual cone mentioned 
above is a right circular cone with its axis (line SO) oblique 
to the picture plane, the piercing points of all the visual rays 
will form an elliptical perspective of the sphere. 

The usual use of the picture plane is seldom strictly in agree- 
ment with nature. To agree absolutely with natural observa- 
tion, we should find the perspective not on a picture plane, but 
on a spherical surface with its center at the point of sight. 
Owing to the complications encountered in finding the piercing 
points of the lines of sight with a sphere, a spherical perspective 
is seldom used. 


SHADOWS IN PERSPECTIVE 


166. Before we take up any problems in finding the per- 
_ gpectives of shadows, it may be well to mention a few facts of 
the principles of shadows: 
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1. The shadow of a given point on a given surface 1s the piercing 
point in that surface of a shadow ray through the given pornt. 

2. The shadow of a given point on a given plane is also the 
intersection of the shadow ray with the projection of the shadow ray 
on the given plane. 

3. The vanishing point of rays of light may be determined 
exactly as the vanishing point of any other group of parallel lines. 
See V, Fig. 11. 

4. Since it is permissible to assume the direction of light, rt rs 
also permissible to assume at will the vanishing point of rays. 
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This has the added advantage of placing the shadow more 
nearly where it is wanted. See Fig. 12. 

5. Shadows are most frequently desired on horizontal planes. 
The projections of rays on horizontal planes are horizontal lines, 
hence have their vanishing point in the horizon. Sznce the ray 
and its projection lie in the same vertical plane, the vanishing 
points of rays and projections are on the same vertical line; hence 
on the location of the vanishing point of rays, the vanishing 
point of projections on horizontal planes is immediately deter- 
mined as the intersection with the horizon of a perpendicular 
to GL from v;. See Fig. 12. 

167. Problem 50. To find the perspective of the shadow 
of a given point on a given horizontal plane. 


Solution: 


The intersection of the perspective of the shadow ray from the given 
point and the perspective of the projection of this shadow ray on the 


given horizontal plane is the required perspective of the shadow of the 
given point. 
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Given: Point O and plane 7, Fig. 13. 

Required: Perspective of shadow of O on T. 

The vanishing point of rays of light is assumed at v,. The 
vanishing point of horizontal projections is therefore located 
at vp on the horizon (1). The perspective of O is determined by 
means of a perpendicular and a diagonal [Article 160] to be oy, 
(2,6); 00; is then the perspective of the shadow ray from O (7). 
The projection of O on T is O,. Its V projection is 0, (8) and 


its H projection coincides with 0. The perspective of O; is 0,, 
and the perspective of the projection 0, (9,13). The required 
perspective of the shadow of O on T' is then o,, the intersection 
of o,v; and 0,v, (7 and 13). 

168. Problem 51. To find the perspective of the shadow 
of a given point on any oblique plane. 


Solution: 


The intersection of the perspective of the shadow ray from the given 
point with the perspective of the projection of this shadow ray on the 
given oblique plane is the required perspective of the shadow of the 
given point. 


169. Problem 52. To find the perspective of the shadow 
of a given point on a given surface. 
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Solution: 

The intersection of the perspective of the shadow ray from the given 
point with the perspective of line cut from the surface by a plane 
through the shadow ray is the required perspective of the shadow of the 
given point. 

Construction: 
Given: Point and cone X, Fig. 14. 


Required: Perspective of shadow of O on X. 
The assumed projections of a ray of light through S locate 
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the vanishing point of rays of light at 1. Through O are passed 
a shadow ray, and a line to the apex X. These lines pierce the 
plane of the base of the cone in points P and P. The plane of 
the two lines cuts from the plane of the base the trace HX and 
from the surface of the cone the element HX. The perspective 
of the element EX is e,x,, and the perspective of the shadow ray 
through O is 0,0; These perspectives intersect at 0,, the 
required perspective of the shadow of O on the given cone X. 


PART IV 


CHAPTER XIII 
TEST EXERCISES 


170. The following sheets of test exercises are provided for 
use in the classroom as well as for home study. The text 
presents discussions and illustrations to demonstrate the applica- 
tions of the various facts of geometry to the present subject of 
descriptive geometry. Two varieties of exercises are required 
to enable the student to develop skill in using the above applica- 
tions in the solution of his engineering problems. The one 
variety is for visual observation and mental solution only. 
These are given as the following ‘‘Test Exercises.”” The other 
variety involves the determination of intersections and values 
and must be solved graphically. 

It is suggested that a brief period, five minutes is sufficient, 
be devoted to the appropriate exercise at each meeting of the 
class. Two methods may be employed. Students may be 
called upon for the answers to certain questions. Or cards 
may be ruled freehand and numbered to correspond to the 
arrangement of the sheet. The questions may then be answered 
on these cards in code, using the letter 7 for True, F for False, 
and ? if you think the given data do not justify the definite 
statement. The correct answer to Test 138, Problem 4, is 
13-4—aT, bF, cT. 
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In each of the first three exercises only one view of the point is given; 
in each of the last three exercises two views of the point are given. 

On a separate sheet or mentally, only, check the statements given 
with each problem as (T) True, (F) False, or (?) if the given data do not 
justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


L£; 


Point Bs: 
a- above the H plane 
&- in front of V plone 
c- inthe 3° quodrent 
d- in the H plare 


Point A is? 
2.- obove the H plane 

&- in front of Vplane 

c-in the 32 quadrant 


Point Cis: 
@a-in the 1 gquodrort 
b- in the P plane . 
c- in the H plone 

d-in the V plane 


Point O is: 

2- in the V plone 
&- in front of V plane 
c.- below the H plane 


Soint E is: 
a@- in the 22 qrodrent 

&- in the H plone 

c.- in front of V plone 


Point F is: 
@- in the V plone 
&- Inthe P plane 
c- in the 1 Quadrant 


TEST EXERCISE 2 229 


In each of the first three exercises only one view of the point is given; 
in each of the last three exercises two views of the point are given. 

On a separate sheet or mentally, only, check the statements given 
with each problem as (T) True, (F) False, or (?) if the given data do not 
justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


“4 
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Point A is: 
a.- in the ¥ plane 
b.- in front of V plone 
c.- to right of P pane 
d- jn the /$ quadrant 


Point 8 isi 

a- obove the H Plane, 
&- inthe P plane. 
c- in the V plane. 


4 


Point C is: 
2- inthe V plane. 
2- behind the V plane 
c- in the P plane 
d-to left of P 


Point Drs: 
@.- to left of P plane 

6- behind V plone 

c- in the V plane 


Point Firs? 

a- to right of P plane 
b- equidistant from H¢ V. 
c- equidistant froma V¢ PR 


Point E 1s: 

a- above the H plone 
h- in front of V plane 
c- in the 22% quocrort 
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On a separate sheet or mentally, only, check the statements given 
with each problem as (T) True, (F) False, or (?) if the given data do not 
justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


“, 


line CO /s: 
@- pardile/ to H. 

4- above the H plane 
c- perpendicular to PR 


Line AB is: 
@- oblique to H. 
b.- obligue to Vv. 
c.- oblique to PR 


Line EF /si: 
a- In the P plane 
4- in the V plane 
C.- perpendicular to H. 
d- paralle/ toR 


@- perpendicular to V. 
&- paord/le/ to Y, 
G- perpendicular to H. 
d- poralle/ to B 


Line MIY js: 
a- perpendicular to H. 

b.- paralle/ to P 

C.- poralle/ to KY 


Line RS is: 
@- paralle/ to H. 

b- perpendicular to Vv. 
C.- perpendicular to P 
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“IS POINT X ON LINE 4B?” 


On a separate sheet or mentally, only, 


answer the above question for 
each of the following problems as 


(T) True, (F) False, or (?) if the given 


data do not justify a definite answer. 
Do not mark on this sheet. 


Its value would thus be destroyed. 
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“TS POINT X ON LINE AB?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the given 
data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


TEST EXERCISE 6 


‘“ARE AB AND CD INTERSECTING LINES?” 
On a separate sheet or mentally, only, 
each of the following problems as (T 
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answer the above question for 
) True, (F) False, or (?) if the given 


data do not justify a definite answer. 
Do not mark on this sheet. 


Its value would thus be destroyed. 
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‘ARE MN AND RS INTERSECTING LINES?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 
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*‘ARE LINES AB AND CD PARALLEL?” 


On a separate sheet or mentally, only, answer the above question for 


each of the following problems as (T) True, (F) False, or (?) if the given 
data do not justify a definite answer, 


Do not mark on this sheet. Its value would thus be destroyed. 
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‘CARE LINES AB AND CD PARALLEL?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 
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‘‘ ARE THE GIVEN LINES PERPENDICULAR?” 

(Perpendicular lines JN TERSECT at 90°.) 

On a separate sheet or mentally, only, answer the 
each of the following problems as (T) True, (F) F 
data do not justify a definite answer, 

Do not mark on this sheet. 


above question for 
alse, or (?) if the given 


Its value would thus be destroyed. 


Ly 
Lines MN ¢ OX. 


238 TEST EXERCISE 11 


‘“* ARE LINES MN AND OX PERPENDICULAR? ” 

(Perpendicular lines INTERSECT at 90°.) 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the given 
data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 
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On a separate sheet or mentally, only, check the statements given 
with each problem as (T) True, (F) False, or (?) if the given data do not 
justify a definite answer. 


Do not mark on this sheet. Its value would thus be destroyed. 


~ 


= 


<> 


Hlarre T 1s: 


a.- oblique to RB 
b- perpendicular to Vv. 
C.- poralle! to H. 


Plane T is: 

@- obligue toH. 

h- poralle/ to Vv. 

c- perpendiculor to PR 


L, 


Ex. 4 
Plone T is: 
@- oblique ta H. 
b.- “poralle! to Kh 
C- perpendicular to R 
d- perpendicular to H. 


Plane T is: P 
a- oblique to H. 
h- paralle/ to k. 
c.- berpenditular to P. 
d- Doralle/ to H. 


Ly 


Plane Ts: 
a- oblique to. 4. 

b- parallel to v 

c- perpendicular to R 


Ylaone T is: 
a- paralle/ to H. 

&- perpendicular to K% 
c. oblique toR 


240 TEST EXERCISE 13 


On a separate sheet or mentally, only, check the statements given 
with each problem as (T) True, (F) False, or (?) if the given data do 


not justify a definite answer. 
Do not mark on this sheet. Its value would thus be destroyed. 


a 
co |e 


Plane T /s: Prone T is: 
@.- oblique to H. @.- oblique to 4. 
6- paralle/ to V. b- paralle/ tov. 
C.- perpendicular to 2 C- perpendicular to 2 
d- perpendicular to H. a- perpendicular to H. 
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1 | ; : 
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| 
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Tae 
Plone 7 1s: 
@.- oblique to H. 
b- paralle/ to V. 
C.- perpendicular to P 


Plane 7 1s: 

@.- oblique to H. 
b- paralle/ to kh 
C.- Derpendicular to P 


Plane T is: 
a- oblique to H. 
4- paralle/ to Vv. 
C.- berperdicular to 2 


Plane T is? 
Q- obligue to H. 

6- poralle/ to Vv. 

C.- perpendicular to R 


TEST EXERCISE 14 241 


*“DOES LINE AB LIE IN THE GIVEN PLANE?” 

On a separate sheet or mentally, only, answer the above question 
for each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 


Do not mark on this sheet. Its value would thus be destroyed. 
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ab 


242 TEST EXERCISE 15 


“DOES LINE AB LIE IN THE GIVEN PLANE?” 

On a separate sheet or mentally, only, answer the above question 
for each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


a 
Plane MNO 


Plane MNO 


TEST EXERCISE 16 243 


“IS LINE AB PARALLEL TO THE GIVEN PLANE?” 


On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 


Do not mark on this sheet. Its value would thus be destroyed. 


77 


244 TEST EXERCISE 17 


“IS LINE AB PARALLEL TO THE GIVEN PLANE?” 
On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the given 


data do not justify a definite answer. 
Do not mark on this sheet. Its value would thus be destroyed. 


Fflone MNO 


| 
| 
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TEST EXERCISE 18 245 


‘‘ARE THE GIVEN PLANES PARALLEL? ” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the given 
data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


9 


---+ 
> 
{Bees 


| 
A 


nt 


m | 
+ 


SS, 
9 


C 

1 

1 

| 

A 
a 


Planes ABC ¢ MNO 


Planes ABC ¢ MNO 
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246 TEST EXERCISE 19 


‘‘ ARE THE GIVEN PLANES PARALLEL?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


Planes MNO Puce) a 


TEST EXERCISE 20 247 


*“IS LINE AB PERPENDICULAR TO THE GIVEN PLANE?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 


Do not mark on this sheet. Its value would thus be destroyed. 


Plane MNO 


| 
| 
| 
rt py 


Plane MNO 


248 TEST EXERCISE 21 


‘IS LINE AB PERPENDICULAR TO THE GIVEN PLANE?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


Plane MNO 


TEST EXERCISE 22 249 


** ARE THE GIVEN PLANES PERPENDICULAR?” 

On a separate sheet or mentally, only, answer the above question for 
each of the following problems as (T) True, (F) False, or (?) if the given 
data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


m 1? 
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Planes ABC ¢ MNO 


250 TEST EXERCISE 23 


‘‘ ARE THE GIVEN PLANES PERPENDICULAR? ” 

On a separate sheet or mentally, only, answer the above question 
for each of the following problems as (T) True, (F) False, or (?) if the 
given data do not justify a definite answer. 

Do not mark on this sheet. Its value would thus be destroyed. 


GL 
Planes MNO & ABC 


Planes MNO ¢ RST 


INDEX 


(The numbers refer to articles) 


A 
Abbreviations, 3 
Alphabet of a line, 25 
of a plane, 38 
of a point, 21 
Alphabets, 9 
Angle between line and plane, to find, 89 
between line and H or JV, to find, 90 
between plane and H, V, or P, to find, 


93 

between two intersecting lines, to 
find, 82 

between two intersecting planes, to 
find, 92 


B 


Bird’s-eye view, 152 
Bisector of angle X between two inter- 
secting lines, to find, 83 
Brilliant point, line, 148 
on surface of ellipsoid of revolution, 
to find, 149 


Cc 


Circles in perspective, 163-164 
Common perpendicular to two non- 
parallel and non-intersecting 
lines, 77 
Cone, oblique, development of, 137 
rt. cir., development of, 136 
and cylinder, line of intersection 
of, 129 
and plane, line of intersection of, 121 
Cones, classification of, 105 
line of intersection of two, 130 
tangent planes to, 112-114 
6, ¢, and z, defined, 107 
Construction line, convention for, 5 
Coordinate planes, revolution of, 22 
Coordinates, system of, 8 


Curves, defined, 95 
of intersection of surfaces, number 
of, 127 
projections of, 96-98 
Cylinder, oblique, development of, 135 
rt. cir., development of, 135 
Cylinders, classification of, 103 
line of intersection of two, 128 
projecting, 103 
tangent planes to, 112-115 


D 
Definitions, 11 
Descriptive geometry, defined, 12 
Development of surface of oblique cone, 
137 
of surface of oblique cylinder, 135 
of surface of right circular cone, 136 
of surface of right circular cyl- 
inder, 135 
Developments of surfaces, defined, 134 
Diagonals, defined, 159 
Distance between two parallel lines, to 
find, 76 
between two non-parallel and non- 
intersecting lines, 77 
between two parallel planes, to find, 74 
from point to line, to find, 75 
from point to plane, to find, 73 
Double curved surfaces, 109 


G 


Given one projection of line and 4, 4, 
or 7, to find other projection, 108 
Ground line, convention for, 5 
defined, 15 


H 
Horizontal of a plane, defined, 41 
Horizontals in perspective, defined, 159 
H, V, and P piercing points of given 
line, to find, 30 


251 


252 INDEX 


fi 
Illustrations, 4 
Intersecting lines, to assume, 31 
Intersection of cone and cylinder, 129 
of ellipsoid of revolution and plane, 124 
of planes, special cases, 65 
of planesand single curvedsurfaces, 121 
of surfaces, general principles, 119 
of two given cones, 130 
of two given cylinders, 128 
of two given planes, line of, 64 
principle of, 60 
single curved surfaces, general pro- 
cedure, 126 


L 


Light, direct, indirect, 141 

direction of, 140 

in shades and shadows, 139 

source of, 139 

Line, alphabet of, 25 

and plane, summary of relations, 67 

in given plane at 6, ¢, or z with H, 
V, or P, to find, 123 

in given plane, to assume, 41 

location of, 24 

of intersection of cone and cylinder, 
to find, 129 

of intersection of plane and surface of 
revolution, to find, 124 

of intersection of plane with cone or 
cylinder, to find, 121 

of intersection of two cones, to find, 130 

of intersection of two cylinders, to 
find, 128 

of intersection of two given planes, to 
find, 64 

of shade, shadow, 143 

parallel to plane, 47 

perpendicular to plane, of projections, 
54 

through external point perpendicular 
to given line to find, 63 

through given point at 6 and ¢ with 
H and J, to find, 131 

through given point making given 
angle with given plane, to draw, 91 

through given point making given 
angle with line, to find, 86 


Line, alphabet of, (continued) 
through given point, to find, 27 
to assume, 28 
Lines, classification of, 95 
defined, projections of, projecting, 23 
standard conventions for, 5 
Location of points, 20 


N 


Normals, to curves, 99 
Notation, 7 


O 
Origin, defined, 8 
Orthogonal projection, defined, 13 


P 


Parallel lines, projections of, 32 
Parallel planes, 48 
Parallelism, defined, 32 
Perpendicular lines, representation of, 33 
Perpendicular planes, description of, 55 
Perpendicularity, 53 
Perpendiculars (in perspective), 159 
Perspective, defined, 151 
of circle by eight-point method, 164 
of given line, to find, 157 
of given point by diagonals and per- 
pendiculars, to find, 160, 161 
of given point by piercing points, to 
find, 156 
of sphere, to find, 165 
Perspective drawing, 151 
Picture planes, 152 
Piercing points of line in given cylinder 
or cone, to find, 122 
H, V, and P, of given line, to find, 30 
of line in given plane, to find, 62 
of line in projecting plane, to find, 61 
of line in surface of revolution, 125 
of space curve in cone or cylinder, 133 
Plane, alphabet of, 38 
location of, 36 
through given line at given angle with 
given plane, to pass a, 116 
through given line parallel to second 
given line, to pass a, 49 
through given line perpendicular to a 
given plane, to pass a, 58 


INDEX 


Plane, alphabet of, (continued) 
through given line, to pass a, 43 
through given point and given line, to 
pass a, 45 
through given point making @ and ¢ 
with H and V, to pass a, 132 
through given point parallel to given 
line, to pass a, 50 
through given point parallel to given 
plane, to pass a, 52 
through given point parallel to two 
given lines, to pass a, 51 
through given point perpendicular to 
given line, to pass a, 56 
through given point perpendicular to 
given plane, to pass a, 57 
through given point perpendicular to 
two given planes, to pass a, 59 
through line in given plane, at angle X 
with given plane, to pass a, 94 
“through three points, to pass a, 46 
through two intersecting lines, to 
pass a, 44 
through two parallel lines, to pass a, 44 
to assume, 40 
Planes, extent of, 39 
how represented, 34 
of projection, 14 
revolution of, 81 
Point, alphabet of, 21 
in given plane, to assume, 42 
of sight in perspective, 153 
of sight in perspective, choosing posi- 
tion of, 154 
on given line, to assume, 29 
on surface of cone, to assume, 106 
on surface of cylinder, to assume, 104 
on surface of revolution, to assume, 
110 
projections of, 18-19 
Points of distance, 159 
Principal point, 153 
Profile plane, revolution of, 22 
Profile projections of points and line, 26 
Profile trace of plane, 37 
Projecting lines, defined, 17 
Projecting plane, defined, 23 
Projection line, convention for, 5 
Projection of line on given plane, to 
find, 66 


253 


Projections, defined, 13, 16 
of specified plane figure, 85 
of tangent lines, 100 


Q 
Quadrants, defined, 8, 15 


represented by sections of circle in 
revolution, 78 


R 
Rays of light, 189 
Revolution, applications, 70 
of point about a line in H or V, 78 
plane about one of its traces, 81 
point about any line, 69, 88 
about a horizontal line, 78, 80, 87 
about a vertical line, 71 
principle of, 68 
routine use of, 81 
Ruled surfaces, 102 


8 


Shade and shadow or given ellipsoid 
on H, 150 
Shades and shadows, defined, 142 
representation of, 146 
Shadow of given point on given sur- 
face, 147 
Shadow ray, 144 
Shadows in perspective, 166-169 
Solid geometry, principles frequently 
used, 10 
Spheresand spheroids, howgenerated, 109 
Surface of revolution, how generated, 109 
plane tangent to, 117 
and plane, line of intersection of, 124 
Surfaces, classification of, 101 
defined, 101 
double curved, 109 
ruled, 102 
Symbols, parallel to, perpendicular to, 
inclined to, etc., 6 


At 
Tangent lines, 99 
Tangent plane to sphere, to pass a, 118 
to surfaces of revolution, to pass a, 117 
to cone or cylinder, to pass, 113-115 
to single curved surface, 112 


254 INDEX 


Tangent planes, definitions, 111 Vv 
Tangents to curves, 99 ere , 3 
Test Exercises, 170 aaa ee of parallel lines, to 
Asi f plane int t on GL, 3 2 
Ci ale de een : Vertical of a plane, defined, 41 


True length of line, to find, 72, 79 oad at 
True size and shape of plane figure, to Visibility, Covermine seni Oa! 
Visual ray, plane, cone, 155 


find, 84 


> 
4 
= ee 
eT 


me 


” 


— ) 


= 
‘ 
, 
E 
ae 
— 
aii - < # 
° 
a é : 
ce a oe | i 4 


tan, 
Peete 


at ee 


He 


ane 


of 


a 


2 
7 


ty 
4 
cy 


ir 9. 
abe 


a; 
rep hry pie 
aaek top ieee 
eet ae 


Gs 
$2 


oa rx 
rs 


ies be wie bre re 


Re oe a ake 


rey. 


pate sedare 
she 
tine 


ie 
Hts 


Liatets 


& 


phekesets 


pantre if 
Ete Ae 
Behagtee it 


es 
tie 


Sie 


eight 


2 


Sere aay ple 


tere 


3 
Eritpee 
eecaisewehs 
beh, 
ore 


Bea 
‘ 
. 
Ez 


pg 
2h 
by 

te 


= 


Prise 
awoke kab 


‘argh 
ine 


ay ah 
ight 


ue 


Liat 


Lab. 


Lay al ey ey, 
i ie petgene 


yoke LER 


f 


trea 


ape pe 
re 


Wer fe 
eettacn lata 
cutie tae 
Aa. red 
uve 


rain 
ay Ss oe ae 
eat ny be 


hed 
4 
rea 
apts 

eee ae, 


ce 


Bytes tree 


tet ae sy cheba! : 


a 


he 


aes 
rf 


iy 
Roped 
ei 


fiat 
Hi 


era pte 


i 


a5 6 
Oe ee + 


a4 
dials 
bad 


rer 


i. 

i 

stat 
As 


ey 


ae 
reg 


wet th 


reer Tere thse 


3 * 
tured aig em 
eee Reread 


aes 
HES 


Y 
4° 


i 


ies 


4 

eae bcad ual 
Ebola 
ee 


=| © 
f 
Tees 


¥ 


: 


J 


3 


Sat i ohh =e 


